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Abstract 

We consider repulsive potential energies (ffqC^), whose integrand measures tangent-point inter- 
actions, on a large class of non-smooth m-dimensional sets E in M". Finiteness of the energy (o'^(E) 
has three sorts of effects for the set E: topological effects excluding all kinds of (a priori admissi- 
ble) self-intersections, geometric and measure-theoretic effects, providing large projections of E 
onto suitable m-planes and therefore large w-dimensional Hausdorff measure of E within small 
balls up to a uniformly controlled scale, and finally, regularizing effects culminating in a geomet- 
ric variant of the Morrey-Sobolev embedding theorem: Any admissible set E with finite (f^-energy, 
for any exponent q > 2m, is, in fact, a C' -manifold whose tangent planes vary in a Holder contin- 
uous manner with the optimal Holder exponent jj. ~ I — {2m) /q. Moreover, the patch size of the 
local C' ^'-graph representations is uniformly controlled from below only in terms of the energy 
value 4(E). 
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1 Introduction 

This paper grew out of a larger project, devoted to the investigation of so-called geometric curvature 
energies which include various types of geometiic integrals, measuring the degree of smoothness 
and bending for objects that do not, at least a priori, have to be smooth. Here, we study the energy 
functional 

4(E) = / / —L_d^'n{x)d^'-{y) (1.1) 
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defined for a class of admissible, m-dimensional sets in M". The precise definition of is given in 
Section|2| we just mention now that for each £ G a weak counterpart of the classic tangent plane is 
defined almost everywhere with respect to the m-dimensional Hausdorff measure on £. In other 
words, for Jf"-a.e. a' G £ there is an m-plane such that the portion of £ near the point x is close to 
the affine plane x + //^ C M". The quantity 

''■^'■'^■^>'= 2dis'.U+H,) 

in the integrand is referred to as the tangent-point radius and denotes the radius of the smallest sphere 
tangent to the affine plane x + Hx and passing through y. (If y happens to be contained in x + Hx, then 
we set 1 /Rip{x,y) = 0.) Thus, 1 /Rip{x,y) is defined a.e. on £ x £ with respect to the product measure 
M"^ ® .M"^. Notice that for any compact embedded manifold of class C^'^ this repulsive potential Sq 
is finite. For two-dimensional surfaces in M^, i.e. n = 3, m = 2, Banavar et al. lUl suggested, in fact, the 
use of such tangent-point functions to construct self-interaction energies with non-singular integrands 
that do not require any sort of ad hoc regularization, in contrast to standard repulsive potentials. The 
latter would penalize any two surface points that are close in Euclidean distance, no matter whether 
these points are adjacent on the surface (leading to singularities) or belong to different sheets of the 
same surface. Our aim here is to show that for the infinite range of exponents q > 2m finiteness of 
(f^(£) has three sorts of consequences for any admissible set £ G =g/: measure-theoretic, topological, 
and analytical. To see them in a proper perspective, let us give a plain description of the surfaces we 
work with. 

Our class consists of m-dimensional sets £ G M" with finite measure Jf""(£) < oo on which 
we impose (1) a certain degree of flatness in the neighbourhood of many (but a priori not all!) points 
of £, and (2) some degree of connectivity. A priori, we allow for various self-intersections of £, and 
for singularities along low dimensional subsets. For the purposes of this introduction, however, it is 
enough to keep in mind the following examples of admissible surfaces (more general examples are 



presented in Section 2.3 1 : 



(i) If £o = Ml U . . . UMat, where N ^Nis arbitrary and all M,- C M" are compact, closed, embedded 
m-dimensional submanifolds of class such that J^'"(M,- flMy) = whenever / 7^ j, then £0 
is admissible; 

(ii) If £0 is as above, then £1 = F(£o) is admissible whenever F is a bilipschitz homeomorphism 
of M". 



The dimension m and the codimension « — m of £ in M" are fixed throughout the paper but otherwise 
arbitrary. The reader may adopt for now the temporary definition 

^/ : = {£ C M" : £ = F(£o), £0 as in (i) above, F:R"-^R" bilipschitz}. 

It is easy to see that qo = 2m = dim(£ x £) is a critical exponent here: for q = qo the energy (§'q{I') 
is scale invariant, and for each q > qo a. surface £ with a conical singularity at one point must have 
S'q = 00. We prove in this paper that for q > qo = 2m all kinds of singularities are excluded. In fact, 
upper bounds for (^^(£) lead to three kinds of effects. Firstly, measure-theoretic effects: the measure of 
£ contained in a ball or radius r is comparable to r"' on small scales that depend solely on the energy. 
Secondly topological effects: an admissible surface £ with finite (f^-energy has no self-intersections, 
it must be an embedded manifold, and finally, far-reaching analytical consequences: we have precise 
C''^ bounds for the charts in an atlas of £. 
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Figure 1: An infinite stack of cubes, also an admissible surface (which turns out to have infinite S'q- 
energy for all q > 2m = 4). 



Let us first state the results precisely and then comment on the proofs and discuss the relations of 
this paper to existing research. 

Remark 1.1. Keep in mind, though, that all results stated in the introduction will be proved for a 
more general class (5) of admissible sets much larger than the preliminary class defined above; 
see Section 2.3 To get a first impression of other admissible sets have a look at FigureU] 



Theorem 1.2 (Uniform Ahlfors regularity). Assume that L £ £/ is an admissible m-dimensional 
surface in M" with ^qiT,) < E, q > 2m. There exists a constant a\ = a[{q,n,m) > 0, depending only 
on q,n and m, such that 

jr'"(InB(x,r)) > ^(0{m)r'" 

for all X ^T, and all radii 

< r < /?! ^ Ri{q,n,m,E) := ^^^^ ' 

(Here, and throughout the paper, B{x,d) denotes the closed ball of radius d centered at x.) 

In other words: if L € £/ has finite energy for some q > 2m, then up to the length scale given 
by Ri - which depends only on the energy bound E and the parameters m,n,q, but not on Z itself 
- isolated thin fingers, narrow tubes, and the like cannot form on Z. The measure of the portion of 
£ inside the ball B{x, r) is at least as large as half of the measure of the m-dimensional equatorial 
cross-section of B{x,r). A similar lower estimate on the Ahlfors regularity was proven by L. Simon 
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for smooth two-dimensional surfaces with finite Willmore energy ll30l Corollary 1.3]; see also the 
work of P. Topping [38 ] which even contains sharp lower bounds for the sum of local L^-norm of 
the classic mean curvature and the area of the surface in a small ball. Mean curvature at a particular 
point ;c on a smooth surface in M? may be viewed as the arithmetic mean of minimal and maximal 
normal curvature at x. R^^^ , on the other hand, is a two-point function taking non-local interactions 
into account as well, but if one looks at the coalescent limits limy^xRtp {x^y) one obtains absolute 
values of intermediate normal curvatures at x depending on the direction of approach as y tends to x 
(cf. 121 Section 3.2]). So, the local portion of our energy (§q near x may be regarded as another kind of 
averaging normal curvatures at x, leading to density estimates as does the Willmore functional. 

The next result gives a quantitative description of flatness of £, in terms of the so-called j8 -numbers 
introduced by P. Jones. 

Theorem 1.3 (Uniform decay of /3 -numbers). Let 1. £ be an admissible m-dimensional surface 
in R" with iSqiJ^) < E for some q > 2m. There exist two constants a2{g,n,m) > andA2{q,n,m) < oo, 
both depending only onn,m and q, such that whenever the radius 

aoiq.n^m) 

d<R2^R2{q,n,m,E):=^l^ (1.3) 

and the bound £ > satisfy the balance condition 

£^'"+'^d^"'-i>A2{q,n,m)E, (1.4) 

then we have 

kM:= inf ( sup dist(y^;c + P) \ ^^^^ 

PeG(n,m) \y.eB(x,d)nl. " / 

where G{n,m) denotes the Grassmannian of all m-dimensional subspaces ofW^. 
Thus, for small d we have 

q + Am 

It is known that this condition alone does not suffice to conclude that £ is a topological manifold. D. 
Preiss, X. Tolsa and T. Toro [24], extending an earlier work of G. David, C. Kenig and T. Toro fT\, 
study Reifenberg flat sets £ whose j8 -numbers satisfy such estimates, see e.g. ll24l Prop. 2.4] where 
it is proved that a decay bound for jS's combined with Reifenberg flatnes^ implies that £ must be a 
submanifold of class C' "^. 

Since £ € might, at least a priori, have transversal self-intersections, we do not have Reifenberg 
flatness here, and a quick direct use of the results of |l7l|24]| is impossible. However, we are able to use 



the energy estimates and the information given by Theorem 1.3 iteratively. Extending the ideas from 
our earlier work [34, Section 5] devoted to surfaces in M^, we prove here that at every point x G £ there 
exists the classic tangent plane TJL, and that the oscillation of tangent planes along £ satisfies uniform 
Holder estimates. This implies that each £ € iz^' with <§q{^) < °° must be an embedded m-dimensional 
manifold of class C^ "^. Later on, working with graph patches of £, we use slicing techniques and a 
bootstrap reasoning to improve and sharpen this information. The following theorem is the main result 
of this paper. 



'We do not define that condition here since we will not work with it directly; let us just mention that Reifenberg flatness 
means that the rescaled Hausdorjf distance between 'Lr\B{x,d) and an m-plane P in B{x,d) is uniformly controlled, and 
small. 
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Theorem 1.4 (Geometric Sobolev-Morrey imbedding). Let £ G and (oqiJL) < +00 far some 
q > 2m. Then £ is an embedded submanifald of class C^'^, where jJ. = I — 2m/ q. 

In fact, there exist constants (23 , A3 > 0, depending only onm,n, and q, with the fallowing property: 
For each x G £ and each r <Rj,= 03 (^'^(r)'/^^^^'"^ there exists an m-plane P G G{n,m) and afanction 
/: P ~ M'" ^ P-L ~ R"-'" of class C^'f" such that 

£nB(x,r) = in graph/, 

where graph/ C P x P-'- = M" denotes the graph off, and 

|V/(z)-V/(w)| <A3£(x,r)i/«|z-w|^, z,wePnB{0,r), (1.6) 

where ^ 

E(x,r):= f f ( — ^] dJ^'"(u)dJ^'"(v). 

JB{x,r)nl.JB{x,r)nZ \Rtp[U,V) J 

We believe that the exponent fj. = I — 2m / q, strictly larger than K= {q — 2m) /{q + 4m) , is optimal 
here. It is clear that finiteness of (o^ does not lead to regularity: consider a rotational cylinder closed 
with two hemispherical caps as an admissible surface £ of class C^'^ but not in C^. For this particular 
surface inequality ( |1.6| ) is qualitatively optimal and, due to the factor £'(x,r)'/^ and boundedness of 
1 /Rtp, yields in fact Lipschitz estimates for the gradient of local graph representations of Z. 

Please note two more things. First, the exponent = 1 — 2m /<7 is computed according to the recipe 
used in the classic Sobolev-Morrey imbedding theorem in the supercritical case. Here, the dimension 
of the domain of integration, i.e. of £ x £, equals 2m. We have — 1 as g — )■ 00; for two-dimensional 
surfaces, the limiting case q = 00 has been treated earlier in our papers [32 ] and |[33l . 

Second, what we have learnt about £ is not limited to embeddedness and purely qualitative C^'^ 
estimates. It is clear that the bounds given by Theorem |1.4| are uniform in any class of surfaces with 
uniformly bounded energy S'q. In other words, if = {£,• : i € 1} C £/ satisfies 

sup(^^(I,) <M<oo, (1.7) 
iel 

then we can find two constants A, 5 > 0, depending only on M,m,n and q, such that each r, nB(x,5), 
where / G / and x G is obtained by a rigid motion of W from a graph of a function / : W" — 
(W")-^ ~ M"^'" which satisfies the uniform estimate ||/||ci4' < A, no matter how / G / and x G £, have 
been chosen. Thus, a uniform upper bound on (f^ allows us to fix a uniform size of charts for all 
Li G J^, and forces the equicontinuity of gradients of local graph representations of the surfaces 
In a forthcoming paper |[36l we show how to use this idea to obtain finiteness theorems for classes of 

embedded manifolds Z, in W satisfying a volume constraint and a uniform energy bound ( |1.7| ). 

We do not know what happens in the critical case q = 2m. Let us mention here one plausible 
conjecture that we cannot prove at this stage. 

Conjecture 1.5. Every immersed m-dimensional -manifold in £ C M" with finite S'2m-energy is 
embedded. 

Another, probably more difficult, question that we cannot handle at present is the following: how 
regular are the minimizers of (say, with upper bounds for the total measure, to prevent the decrease 
of energy caused by rescaling) in isotopy classes of embedded manifolds? Are they C^'^ (this is 
optimal for ideal links ||5l - corresponding to the case ^7 = 00 in dimensions « = 3 and m = 1 - where 
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contact phenomena are present)? Or maybe C~, as minimizers of a Mobius invariant knot energy 
in S, (III; see also ||25l, ||26l? In addition, S. Blatt |3| characterized all curves with finite Mobius 
energy as embeddings in certain Sobolev-Slobodeckii classes; such a characterization of finite energy 
submanifolds for the tangent-point energy (f^ is presently not known. 

Our interest in this topic has been triggered by several factors. They include manifold applications 
of Menger curvature in harmonic analysis and geometric measure theory (see e.g. the survey articles 
of P. Mattila ED, ||221, G. David |6| and X. Tolsa (371, and the hterature cited therein, including 
J.C. Leger lITSll and the relation between 1-rectifiability and L^-integrability of Menger curvature). 
There are also works of different origin, investigating another geometric concept, the so-called global 
curvature introduced by Gonzalez and Maddocks [12]. The second author of the present paper took 
part in laying out the strict mathematical foundations for global curvature of rectifiable loops and its 
variational applications to elastic curves and rods with positive thickness; see |[T3]| . |[27l . ||28]| . ||29l . 
ifTO ^. fTT]. Part of this work, in turn, has been a starting point for our subsequent joint research devoted 
to various energies that, roughly speaking, interpolate between global curvature and Menger curvature. 
Finiteness of these energies; see e.g. |j3ll, ||34|, |[35l . analogously to the case that we consider here, 
leads to an increase of regularity, to compactness effects, and yields a tool to control the amount of 
bending of non-smooth objects in purely geometric termsj^The novelty in the present paper is that we 
work in full generality, overcoming the difficulty that both the dimension and the codimension may be 
arbitrary. In an ongoing research [16, J/7J S. Kolasiriski obtains analogues of our results for basically 
the same admissible class of surfaces that we consider here, but for a different integral energy, defined 
as an (m + 2)-fold integral (with respect to J^'") over the set of all simplices with vertices on £, 
directly extending our results in [34| to surfaces of arbitrary dimension and codimension. 

Closely related research includes also G. Lerman and J.T Whitehouse 1191 . ll20l . who investigate 
a number of ingenious high-dimensional curvatures of Menger type and obtain rectifiability criteria 
for (i-dimensional subsets of Hilbert spaces. Last but not least, the deep and classic paper of W. 
Allard [ 1] sets forth a regularity theory for m-dimensional varifolds whose first variation (roughly: 
the distributional counterpart of mean curvature) is in for some p > m. Our regularity results bear 
some resemblance to his Theorem 8.1. There are many differences, though, that remain to be fully 
understood. It is clear that without some extra topological assumptions on £ finiteness of ( |1.1[ ) cannot 
lead to the conclusion that £ is locally (on a scale depending only on the energy!) homeomorphic 
to a disc; one could punch an arbitrary number of 'holes' in a smooth surface and this would just 
decrease the energy we work with. In AUard's case, once we fix a ball where appropriate density 
estimates hold and the weight \\V\\ of the varifold V is close to the Hausdorff measure of a disk, then 
the 'lack of holes' is built into his assumption on the first variation 5V of V. On the other hand, - 
as a non-local energy in contrast to the locally defined distributional mean curvature - averages over 
all global tangent-point interactions, which leads to self-avoidance and control over topology of the 
given surface. Admissible sets with finite (f^-energy are differentiable manifolds, which AUard's result 
cannot guarantee for varifolds with distributional mean curvature in L'\ p > m: there is a remaining 
(small) singular set, such that there is no control on the topology of the support of the varifold measure. 
To possibly bridge the apparent gap between AUard's work and our results we should note that versions 
of S'q can be defined for general m-dimensional varifolds V, via double integrals: the integrand 1 //?tp 
can be treated as a function on points and planes. It is an intriguing question whether finiteness of 
such integrals for some ^'s lead to rectifiability criteria or to an improved regularity in the case of 
varifolds. 

^In 1351 we treat the toy case m = 1 of the present paper, along with a few knot-theoretic applications of S'^ for curves. 
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Let us now informally sketch the main thread of our reasoning, and describe the organization of 
the paper in more detail. We want to exclude self intersections and to have a quantitative description 
of flatness; for this, Theorem 1 1 .31 would be a good starting point. The main idea behind its proof is 
pretty straightforward: if the j8-numbers were too large, i.e. ifx£L but LnB{x,d) were not confined 
to a narrow tube Beci{x+P) around some affine m-planex + P, then, a simple argument shows that we 
would have two much smaller balls 81,82 C 8, say with 

diamBi = diamB2 ~ £ <i 

such that for all 3^ G £0^2 and a nonzero proportion of z G ZnBi the distance dist(y,z + Tj-Z) would 
be comparable to ed. This yields 1 /Rip{y,z) > s/d, and a lower bound for the energy follows easily, 
leading to a contradiction, if the 81,82 and the bound for the jS's are chosen in a suitable way which 



happens to be precisely the balance condition (1.4). There is only one serious catch here: in order to 



make the resulting estimate uniform, and to be able to iterate it later on, we must guarantee that 

J^'" (I n B,) > c • for all r < ro = ro (energy) , 

with some absolute constant c. And we want both ro and c independent of a particular E. 



For this, we need Theorem [L2j which serves as the backbone for all the later constructions and es- 
timates of the paper. The overall idea here is somewhat similar to an analogous result in our work ||34l 
on Menger curvature for surfaces in M?. The main difference, however, leading to crucial difficulties, 
is that the codimension of £ may be arbitrary. 

The proof of Theorem |1.2| has two stages. First, for a fixed generic point a: G £ and all radii r 
below a stopping distance ds{x), we control the size of projections of l.r\8{x,r) onto some m-plane 
H{r) (which may vary as r varies). Here, topology comes into play. To grasp the essence of our idea, 
it is convenient to think of £ = Mi U . . . U Mj^ as in Example (i) at the beginning of the introduction. 
For X ^Mi\ \Jj^iMj and for infinitesimally small radii r we start with the tangent planes P = TxMi, 
and note that small {n — m— 1) -spheres that are perpendicular to T^M, are nontrivially linked with 
Mi. Then, for a sequence of growing radii p, we rotate P if necessary by a controlled angle to a new 
position Pp in order to keep the projections large. At the same time, we construct a growing connected 
excluded region Sp which does not contain any point of £ in its interior. The size of the projections is 
controlled via a topological argument, involving the homotopy invariance of the linking number mod 
2 of submanifolds. The construction stops at some stopping distance r = ds{x) , and yields another 
point J G £ with \y — x\ <i.v(x) and two smaller balls 8{x,cds{x)), 8{y,cds{x)), where c G (0, 1) is an 
explicit absolute constant, such that 

^tp(z,H') ds{x) 

for all w G 8{y,cds{x)) and a significant proportion of z G 8{x,cds{x)). In the second stage we use the 
energy bounds to show that <i(£) := mfxeY.ds{x) is positive and satisfies J(£) > R\, where R\ is the 
uniform constant given in Theorem |1.2[ The details of that part are given in Section|4j see Lemma 4.2 
Lemma 143] and their corollaries. 

Sections [2]and|3]contain all the necessary prerequisites and are included for the sake of complete- 
ness. In Section|2]we gather elementary estimates of angles between planes spanned by nearby almost 
orthogonal bases, and introduce the class of admissible sets whose definition is designed so that the 
above sketchy idea can be made precise. In Section[3]we explain how the linking number mod 2 can be 
used for elements of ^2/, providing specific statements (and short proofs) for sake of further reference. 



Once Theorem 1.2 is proved, we use the Hausdorff convergence of excluded regions defined for 



generic points ;c G £ to obtain a corollary which, roughly speaking, ascertains that for every jc G £ and 
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r <Ri there is some plane H = H^ r G G{n,m) such that LriB{x,r) has large projection onto H and 
is contained either in B{x,r/2) (where, a priori, at this stage of the reasoning, £ might behave in a 
pretty wild way) or in a narrow tubular region (x + //) , for some specific constant 5 ^ 1 . A use of 
energy bounds yields now Theorem |1.3[ and an iterative argument implies that in fact £ must locally 
be a C^ ^^ graph. All this is done in Sectionjs] Embeddedness of £ is established here, too. 

Finally, in Section|6j we prove Theorem |1.4| and sharpen the Holder bounds. To this end, we show 
that if ZnB is a graph of / G C^ "^, then V/ satisfies an improved estimate, 

\yf{ax)-yf{a2)\<2^*{\ai-a2\/N) + CE'l^\a,-a2\^^ (1.8) 
where 0* {s) stands for the supremum of oscillations of V/ over all possible balls of radius s, and 



E is the portion of energy coming from some ball containing a\^a2- The point is that ( 1.8 1 holds for 



some N = N{q) » 1, so that for / G C^'^ the first term of the right hand side can be viewed as an 



unimportant, small scale perturbation. The main idea behind ( |1.8| ) is that when the integral average 
of (1 /R\pY is bounded by K, then there are numerous points m, in small balls around the a,, / = 1,2, 
where (l//?tp)^ <K. A geometric argument implies that for such points |V/(mi) — V/(m2)| can be 



controlled by the second term in the right hand side of ( 1.8 1, and a routine iterative reasoning, with a 



certain Morrey-Campanato flavour, allows us to get rid of the 20* and finish the whole proof. 

Acknowledgement. The authors would like to thank the Deutsche Forschungsgemeinschaft, Polish 
Ministry of Science and Higher Education, and the Alexander von Humboldt Foundation, for gener- 
ously supporting this research. Substantial parts of this work have been written while the first author 
has been staying at the RWTH Aachen University in the fall of 2009; he is very grateful to his German 
colleagues for their hospitality. 

2 Bases, projections, angle estimates, and the class of admissible sets 
2.1 Balls, slabs, planes 

We write B{x,r) to denote the closed ball in W\ with center x and radius r > 0. The volume of the 
unit ball in is denoted by (o{k). 
For a closed set F in M" we set 

Us{F) := {x G M" : dist(x,F) <5}, 5>0. 

G{n,m) denotes the Grassmannian of all m-dimensional linear subspaces of M". If P ^ G{n,m), 
then Ttp denotes the orthogonal projection of W onto P, and Qp is the orthogonal projection onto 
P^ G G{n,n-m). 

For two planes Pi,P2 G G{n,m) we define their distance (or angle) 

<^{Pl,P2)=d{Pi,P2) := II Tip, - Tift II, 

where the right hand side is the usual norm of the linear map Tip, — Tip^ : M" — )• M". The Grassmannian 
G{n,m) equipped with this metric is compact. 

Finally, we use the following variant of P. Jones' beta-numbers (see David's and Semmes' mono- 
graph m Chapter 1, Sec. 1.3] for a discussion): 

/3z(x,r):= inf ( sup ^i^fcb^Y ^ ^ ^ > 0. (2.1) 



Z.eG(«,m) 



yeI.nB{x.r) 
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2.2 Nearby planes: bases, projections, angle estimates 

Throughout most of the paper, we shall work with estimates of various geometric quantities related to 
two planes in G{n,m) that form a small angle. For sake of further reference, we gather here several 
such estimates. We also fix specific constants (which in all cases are far from being optimal) that 
are needed later, in more involved computations in Sections |4]-^ All proofs are elementary, but we 
provide them to make the exposition complete. 

Lemma 2.1. Assume that a,b > and a sequence of nonnegative numbers Sk satisfies s\ < 1, 

k 

Sk+i ^ + s j, k>l. 
7=1 

Then for each A > 1 + max(2a, 2Z?) we have sj^ < A*^, k = 1,2.... 



Proof. One proceeds by induction. Clearly, for ^ = 1 we just need < 1 < A. For each A > 1 the 
recursive condition for Sk+i yields, under the inductive hypothesis, 

Ab 

^^.+1 <a^ + — (A^-1) (2.2) 

Now, A > 1 +max(2a,2Z7) guarantees that 2ak < (1 +2a)*^ < A'' < A*^+^ and^ < ^. Thus, (|Z2]) 
y ields 2^^.+ 1 < A'^+ 1 + A'^+ 1 - A < 2A^+ 1 . □ 

Lemma 2.2. IfX,Y G G{n,l) have orthonormal bases [ej) C X and {fj) C Y such that \ej — fj\ < o; 
for each 7 = 1,...,/, then <){X,Y) < 2la. 

Proof. Take an arbitrary unit vector v G M" and estimate |7rx(v) — % (v)|, expressing both projections 
in orthonormal bases (ej) and (/,). □ 

Lemma 2.3. Assume that 1 < I < m < n. If ei, . . . ,ei is an orthonormal basis of a subspace X G 
G{n,l) and h\,.. .,hi G M" satisfy — < £ < £i := 10^' (10'" + 1)^\ then {hi)i^i j are linearly 
independent. Moreover, the Gram-Schmidt orthogonalization process 

Ui:=—r, where vi=/ii, Vk+i=hk+i-2_ — ^ — r? ^7' « + 

yields vectors v,-, u, (/ = 1 , . . . , /) that satisfy 

\vk-hk\<lO''e, ||vi|-l| < (10'^ + 1)£< ^ forallk=\,...,l, (2.3) 

li^k — ^kl < ci£ < - for all i = \, . . . ,1, (2.4) 
where ci := 2(10™ + 1). IfY = span(/ii, . . . ,hi), then 

<^iX,Y)<C2e, (2.5) 

with C2 ■= 2mci = 4m(10™ + 1). 
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Proof. As \hj —ej\ < £ for all j, we have \{hi,hj) — {ei,ej)\ < 3£. Therefore, \{hk+i,Vj)\ < 3£ + 
(1 + s)\hj — Vj\ for j = l,...,k and k <l — I. Using this observation, one proves ( |2.3| ) by induction; 
assuming ( |2.3| ) for k and all j < k, we obtain 

I , I . ^ \{hk+uvj)\ ^^ ?>£ + {l+£)\vj-hj\ 

jTi Ivyl \vj\ 

< ^3te + ii£lO^£<10'=+'£, 

where the last inequality follows from elementary computations (the estimate is not sharp). This yields 
the first part of ( |2.3| ) for ^ + 1 ; the second one follows from the triangle inequality. 

In particular, we also have dist(/j<;+i,span(/zi, . . . = |v^:+i| > 0, and therefore hi,..., hi are 
linearly independent. 



Setting Uj := v,/|v;|, we easily conclude the proof of the whole lemma. (To check inequality (2.5 1, 

□ 



apply Lemma 2.2 and note that I <m.) 



Lemma 2.4. Let £\ be the constant defined in Lemma 2.3 above. Assume that 

(i) there exist orthonormal e i , . . . , G 1^" such that hi £ B"{ei,5) for i = I,. . . ,m, and 5 < £i/2; 

(ii) Wi G B"{hi,£)for all i= \ ,...,m, and £ < £i/2. 

Then the subspaces H = span(/zi , . . . , hm) and W = span(wi , . . . , Wm) belong to G{n,m), and we have 
<^{H,W)<c-i£ with C3 = 14m • 20"'. 



Proof. It follows from Lemma 2.3 that dim// = dimVK = m. We use again the Gram-Schmidt algo- 
rithm and set vi =hi,ui = wi. 



Vk+i = h+i - 52 



12 '^7' 



L*" {Wk^l,Uj 



2 "7 ' 



k + l<m. 



j=l 1-71 ;=1 l"7l 

Then, v,- and m,- form orthogonal bases of // and W, respectively. Inequality ( |2.3| ) yields f ~' < |Mi|,|v,| < 

with a = l 



2.1 



t with t = 10/9. We now show that Sj = £^^\ui — v,| satisfies the assumptions of Lemma 
and b = 8. For ^ = 1 we have = £^^\hi — wi| < 1. 

Let ^{x) = \x\^^x. For all x,y in the annulus {t^^ < \z\ < t} we have |0(x)| <t and, for x / y, 

mx)-m\ < 

< t^{\+2t^)\x-y\ < 5\x-y\, asf = 10/9. 

Thus, since Wj,Uj,Vj G {t^^ < \z\ < t}, we obtain 

k 



1 1 








< t^\x-y\ +t 





-V*:+l| < \hk+\-Wk+\\ + 



7=1 

k k 

< £ + Y,{s + t^{\^{vj)-^{uj)\ + \vj-Uj\)^ < £ + Y,[s + 6t^\vj-Uj\y 

7=1 7=1 
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Hence, 

k 

Sk+\ = £^^\uk+\-Vk+i \ <{k + l) + bY^Sj 

for each b > 6t^, in particular for b = S. Therefore certainly < 20^, k = 1, ... ,m, by Lemma 
Keeping in mind that t^^ = ^ < \uj\, |vy| < ^ = f, we obtain 

= \\uj\^{uj)-\vj\^{vj)\ <6t\uj-Vj\ <7-20'"e. 



2.1 



The inequality <^{H,W) < c^e follows now from Lemma 2.2 
The next two lemmata are concerned with the set 



□ 



S{Hi,H2) := {y£R" : dist(y,Hi) < 1 for / =1,2}, (2.6) 

where H\ ^ H2 ^ G{n,m) form a small angle so that tih, restricted to H2 is bijective. Since {y G 
M" : dist{y,Hj) < 1} is convex, closed and centrally symmetricj^ for each / = 1,2, we immediately 
obtain the following: 



Lemma 2.5. S{Hi,H2) is a convex, closed and centrally symmetric set in M"; Khi{S{Hi,H2)) is a 
convex, closed and centrally symmetric set in Hi = M™. 

The next lemma and its corollary provide a key tool for bootstrap estimates in Section [6] 



Lemma 2.6. Let ei > and C2> denote the constants defined in Lemma 2.3 If Hi,H2 G G{n,m) 
satisfy < ^ {H[ ,H2) = (X < £1, then there exists an (m — 1 ) -dimensional subspace W (ZHi such that 

%H, {S{HuH2)) C{y£Hr. distiy,W) < 5c2/a} . 

Proof. Let H := Hi n/Zi; we have k := dim// < m. For / = 1,2 set X; = {x e Hi : x ± //}. Then, 
Hi is the orthogonal sum of H and X,. Let X : = Xi ©X2; by construction, X ± H. Finally, let L be 
the orthogonal complement of // ©X = //i ® //2 in M", so that M" is equal to // ©X © L, and the 
spaces //,X,L are pairwise orthogonal. It is now easy to see, directly by definition, that <){Hi,H2) = 

Step 1. We shall first show that there exists a vector :ti G Xi such that 

|xi|=5c2/a, xi^KhMHi,H2)). (2.7) 

Fix an orthonormal basis ei , . . . , em-k of Xi . Since ^ (Xi ,X2) = a, we have \ej — Tix^ < «■ Apply- 
ing Lemma 2.3 with I = m — k ioX\ and X2, we check that the 71x2 (^7)' J — ^,---,m — k, form a basis 
of X2, and \ej — 7tx2{ej)\ > cc/c2 for at least one j £ {l,2,...,m — k}. Assume w.l.o.g. that this is the 
case for j = 1. Thus, there are no points of X2 in the interior of B := B"{ei ,a/c2), and therefore there 
are no points of X2 in the interior of the cone 

K:={yeR": y = tv, t eM., v e B} . 

Set A := 5c2/a. Then XB = B{Xei,5) C K, so that the closed ball B{kei,4) c MK. Hence, 

B{Xei,3)n{yeR" : dist(3;,X2) < 1} = 0. (2.8) 
■'The term central symmetry is used here for central symmetry with respect to in K". 
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Let / denote the segment {i'ei : |i — A| < 1}; we claim that 7r//j (^(//i, 7/2)) H/ = 0. To check this, we 
argue by contradiction. If y G S{H\,H2) and tt//, iy) G /, then, decomposing y = h+x + l where h G H, 
;c G X, and / G L = {H®X)^, we have 

Khi {y) = h + TiHi {x)=h + TTx, (x) = sei 

for some 5, |5 — A | < I. As H ±X and £Xi C X, this yields h = and y = sei+P for some j8 _L Xi. 
Now, p.8| ) shows that if y G S{Hi,H2), then we must have |j8p > 3^ — 1^ = 8. This, however, yields 
dist(y,Xi) = \P\ > 2, which contradicts the assumption y G S{H\,H2). Thus, x\ := Xe\ = {5c2/(x)e\ 
satisfies 

Now, in order to prove the existence of the desired subspace W CHi, consider the function 
w^giw) :=inf{f >O:fw07r//,(5(//i,//2))} GK+U{oo} 

defined on the unit sphere in //i. If w G H, then g{w) = 00. Since B"(0, 1) C S{Hi,H2), we have g > I 
everywhere. Note that if g{w) = s then sw G {S{Hi,H2)) and tw tih, {S{Hi,H2)) for every t > s. 
(Thus, g(w) is the 'exit time' that we need to leave TT//, (S(//i,//2)), traveUing with unit speed from 
in the direction given by w.) 

Step 2. We shall first show that there exists a vector wq G //i, |wo| = 1, such that 

g{wo) = r = mfg < 

Since, by Step 1, we have g{e\) < A = 5c2/oc, it is of course enough to show that 1 < r = infg is 
achieved on the unit sphere of Hi. Take a sequence of unit vectors w,- G Hi such that g{wi) — infg; 
passing to a subsequence, we can assume w, — )• wq as / — )• 00. Suppose now that g{wo) > infg. Then, for 
some fixed e > we have g{wo) > g{wi) + e >r = infg for all / » 1. Consider the points pQ = g(wo)wo 
and p,- = g{wi)wi in tt//, {S{Hi,H2)). Then, |^'^^° — )• — wq as / — ;> 00. By definition of r and convexity, 

Kh,{S{HuH2)) D conv({Mu(B"(0,r)n//i)). 

Thus, for all / such that g(w,) < r+ (e/2) and ^(w;,wo) < arccos(r/ (r + e)) — arccos(r/ (r+ |)) the 
point Pi is m the interior of conv ({/?o} U (B"(0,r) n//i)). Then, however, by definition of g we obtain 
g(w,) > \pi\ = g(w,), a contradiction which shows that g(wo) = infg. 

Step 3. W = {y ^ Hi : y 1. wq} satisfies the desired condition. Note that W is chosen so that the set 
F := {y £ Hi: dist{y,W) <r = infg} is the 'narrowest strip in Hi' containing tihi (•^(^b^i))- 

Indeed, if there was a point y G 71hi{S{Hi,H2)) \ F, then, taking the straight line through y and 
yo = rwo G dF n tihi {S{Hi,H2)) (with r = infg), one could easily reach a contradiction: take a unit 
vector V in span(j,jo)> v -Ly — yo, and use convexity of ;rf/, (S(//i,//2)) to show that then g(v) < 
r = g(wo) = infg (for otherwise the straight segment connecting the points y and g(v)v contained in 
7r//[ {S{Hi,H2)) would intersect the ray {yo + two '-t >0} contradicting the definition of g{wo))- 

This completes the proof of Lemma [T6] □ 

The next Lemma is practically obvious. 

Lemma 2.7. Suppose that H G G{n,m) and a set S' C H is contained in {y £ H: dist(y, W) < d} for 
some d > 0, where W is an {m — I) -dimensional subspace ofH. Then 

je'"{S'nB"{a,s)) <2'"s"'-^d 

for each a £ H and each s > 0. 
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Proof. Decomposing each y G S' nB"{a,s) asy = 7iw{y) + {y — ^w{y)), one sees that S'r]B"{a,s) is 
contained in a rectangular box with (m — 1 ) sides parallel to W and of length 2s and the remaining 
side perpendicular to W and of length 2d. □ 

Lemma 2.8. If two planes Hi,H2 G G{n,m) satisfy <){Hi,H2) <£ < m~^2~'", then 

J^'"{71hM)) > (1 -me2'")Jf""(A) (2.9) 

for every J^"^ -measurable set A C H2. 

Proof. It is enough to prove the inequality when A is the m-dimensional unit cube in//2> and M"^{A) = 
1. Fix an orthonormal basis ei,...,emOfH2 and let/} := TlHiiei) for j = 1, . . . ,m. Then, by Hadamard's 
inequality, 

J^"'{KhM)) = l/lA...A/«| 

m 

> \eiA...Aerr,\-Y^\fj-ej\ Y[il + \f-ei\) 

7=1 j<i<m 

m 

> l-e£(l + e)'"--'>l-me2'". 



2.3 The class of admissible sets 

Let us now give a precise definition of the class of admissible surfaces. Intuitively speaking, the energy 
functional <aq can be defined for all E c M" compact, < °o, which are a union of continuous 

images of m-dimensional closed manifolds of class , satisfying two additional conditions. One of 
them ensures that Z is pretty flat near ""-almost all its points x, so that we have, in a sense, a 'mock' 
tangent plane to Latx. A priori, does not even have to coincide with the classic tangent plane. 
The second condition guarantees, as we shall see later, that small {n — m— 1) -dimensional spheres 
centered at x and parallel to (//r)^ are nontrivially linked with the surface Z. 

As we have already said in the introduction, it might be convenient to think of the following 
example. Assume that are embedded, compact, closed m-dimensional C^-submanifolds 

of M". They might intersect each other but only along sets of m-dimensional measure zero, so that 
J^'"(E,- nZy) = whenever i ^ j. Then, for any biUpschitz homeomorphism / : M" — > M", 

E:=/(EiU...UE;v) 

is an admissible surface. 

The definition of admissible surfaces involves the notion of degree modulo 2; here are its relevant 
properties. 

Theorem 2.9 (Degree modulo 2). Let M,N be compact manifolds of class without boundary and 
of the same dimension k. Assume that N is connected. There exists a unique map 

deg2:C«(M,A^)^Z2 = {0,l} 

such that: 

(i) lfde%28 = 1' then g G Cf^{M,N) is surjective; 
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(ii) IfH: M X [0, 1] — )■ A'^ is continuous, f = H{-,0) and g = H{-,1), then degj/ = deg2g; 

(iii) If f : M ^ N is of class and y ^ N is an arbitrary regular value off, then 

deg2 f = #f-\y) mod 2. 

For a proof, see e.g. the monograph of M.W. Hirsch |[T5l Chapter 5], Theorem 1.6 and the sur- 
rounding comments. Blatt gives a detailed presentation of degree modulo 2 (even for noncompact 
manifolds) in his thesis ||4l. 

Now, let 5 G (0, 1) and let / be a finite or countable set of indices. 

Definition 2.10. We say that a compact set £ C M" is an admissible (m-dimensional) surface of class 
£^ (5) if the following conditions are satisfied. 

(HI) Ahlfors regularity. '"(£) < oo and there exists a constant K = Kz such that 

J^"\LnB"{x,r)) > Kj:r'" for all x £ £, < r < diaml. (2.10) 

(H2) Structure. There exist compact, closed m-dimensional manifolds Mi of class and continuous 
maps fi : M, — t- M", / G /, where I is at most countable, such that £ = fi{^i) UZ, where 

jr"'{z) = o. 

(H3) Mock tangent planes and 5-flatness. There exists a dense subset E* C T with the following 
property: ^™ (£ \ £* ) =0 and for each x G £* there is an m-dimensional plane H = Hx G 
G{n,m) and a radius ro = ro(x) > such that 

\y—x — 7iHiy — x)\<5\y—x\ for each y £ B"{x,ro)ri'L, y ^ X. (2.11) 
(H4) Linking. Ifx G £* and ro{x) is given by (H3) above, then there exists ani^I such that the ma^ 

O,: M,-xS"-'"-i(x,ro(x);(//,)^) 3 (w,z) ^ r^^y^^ ^ S"-i 

\ji\w)-z\ 

satisfies the condition degj <!>,• = 1 . ( Here we use the notation S'(i^,p;/'):=(^+{vGP: |v|=p} 
for ^ eW, p >OandPe G{n, I).) 

Example 2.11. If £ is a compact, connected manifold of class without boundary, embedded in W, 
then £ G £/{5) for every 5 G (0, 1). 

We can take Z = 0,/ = {l},/i= idu", and £* = £; (HI) and (H2) follow. It is clear that Condition 
(H3) is satisfied if we choose = TJL for G S. Condition (H4) is then satisfied, too. In this simple 
model case (H4) ascertains that small {n — m— 1) -dimensional spheres centered at the points of an 
embedded manifold £ and contained in planes that are normal to £ are linked with that manifold; see 
e.g. ||23l pp. 194-195] for the definition of hnking coefficient. (We do not assume orientability of M;; 
this is why degree modulo 2 is used.) 

Note that if 5 > is fixed, then we are not forced to set //, = 7i£; conditions (H3) and (H4) in 
this example would be satisfied also if Hx were sufficiently close to T^Z. Thus, for given £ satisfying 
(HI) and (H2) the choice of does not have to be unique. 

'^Note that <!>/ is well defined, as fi(w) e Z, and z ^ Z by virtue of (H3). 
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The next two examples show that we can allow £ to have several -pieces that intersect along 
sets of m-dimensional measure zero, and are embedded away from those sets. 

Example 2.12. If £ is connected, £ = IJ^j £,-, where £; are compact, connected manifolds of class 
without boundary, embedded in M", and moreover 

^'"(£,n£y) =0 for/ ^7, 

then I G £/{5) for every 5 £ (0, 1). 

The set / is now equal to { 1 , . . . ,N} and we set 

r:=L\S, S:= \J (I/nly); (2.12) 

1<;<7<A' 

for each G £* there is a unique / such that x G and we take Hx := TiZ,. Conditions (HI) and (H2) 
are clearly satisfied with Z = and /,• = idR" for / = l,...,N, and the verification of (H3) and (H4) 
is similar to the previous example; one just has to ensure that for x G £* nS; the radius ro = ro{x) is 
chosen so that ro < dist(;c,5'). 

Example 2.13. Let the M,-, / G / = {1, . . . ,N}, be compact, connected m-dimensional C^-manifolds 
without boundary. Let /,• : M, — > R" be -immersions, and let Z, = /,(M,) for i = \, . . . ,N.lf'L = \JLi 
is connected, 

^"'(i:,-nry) = for//;, 

and 

Jl^'"{{y£Lr. #/;.-! (y) > 1}) =0 forall/= 1,...,A^, 

then r G (5) for every 5 G (0, 1). We leave the verification to the reader. 

It is also clear that the condition that all maps /, in the previous example be of class is too 
strong. We can allow = /,(M,) to have large intersections with other Lj as long as the flatness 
condition in (H3) is satisfied, and we need Hx only for a.e. x £L. Thus, it is relatively easy to give 
more examples of admissible surfaces. 



Example 2.14. If h: W ^ W is a bilipschitz homeomorphism, and we take £ as in Example 2.12 
then ^ 

r = /j(i)c n •^(^)- 

Se{o,i) 

Indeed, we then set = hoidzj. Let S be given by ( |2. 12| ). To define E*, we use compactness and 
smoothness of the E,- to fix a radius r > with the following property: for each / = l,2,...,N and each 
point a G there is a function ga : Pa — ^ Pj-, Pa = TaL,- G G{n,m), such that \Dga\ < 1 and 

£,nB"(a,r)=graphg„nB"(a,r). 

We also let Ga{^) = {^,ga{^)) for t, G Pa- Now, a point y G h{L) is in £* if y h{S) (we exclude the 
intersections), and moreover there is / G {1, . . . ,A'^} and an a G such that y = h{^,ga{^)) for some 
i§ G Pa n B" (a , r) which is a point where F : = hoGa- Pa — )• M" is differentiable. 

It follows from Rademacher's theorem that S* has full measure and is dense in Z = 
Condition (HI) is also satisfied, since bilipschitz maps distort the measure J^"' at most by a 
constant factor. To check (H3), one notes that as F = hoGa- M" is bilipschitz, its differential 
DF must have maximal rank m at all points where it exists; it is then a simple exercise to check that for 
y = h{x) G S* the plane //j, = DF{x){Pa) satisfies all requirements of Condition (H3) for all 5 G (0, 1). 
To check (H4), one can use the homotopy invariance of the degree; we leave the details to the reader. 
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We do not have a simple characterization of the class of admissible surfaces. However, it contains 
weird countably rectifiable sets, too. 

Example 2.15 (Stacks of spheres or cubes), (a) For / = 0, 1,2, ... let pt = (2^', 0,0) G M^, c,- = {pi + 
Pij-\)/2, rt = 2^'^^ > 0, Mi = £, = S^(c,-,r,) C (so that the spheres £, and £,+i touch each other at 
Pi+\), and let /,• = idM,- Set £ = U/lo^i ^ {^l- Then, £ is an admissible surface, belonging to £^ (5) 
for each 5 >0. All points of Z except and the pi for / > 1 belong to £*. For x G £*, one verifies (H3) 



and (H4) just as as in Example 2. 12 Moreover, (HI) is also valid. To see this, fix x G £ \ {0}. If x G 
and r < 2r,, then 

jr^{LnB{x,r)) > J^^{LinB{x,r)) = nr^ , 

by the standard formula for the area of a spherical cap. If r > 2r, but r < diamZ = 1, then it is possible 
to check that the largest of all Lj completely contained in B{x,r) CiL has rj G [r/6,r/2]. Estimating 
J^^{LnB{x,r)) from below by J^^{LjnB{x,r)), we obtain (HI) for x 7^ 0; a similar argument works 
for X = 0. 

(b) A modification of the above example yields the following (see Figure [TJ: set 



^=U(U^a-) uz. 



,=0 H=i 

where r,- ,t is the surface of a cube of side length 2^', and Z is a segment of length 1. To be more 
specific, £0,1 = ^([0, 1]^) C and we let £,jt be a translated copy of 2 ' • £9,1 = ^ [0, 2 ']^, 

I,-^ := d{[0,2'f) + (1 - 2-')(ei +2^'3) + {k- l)2-'e2, 

so that, for fixed /, the <- with ^ = 1 , . . . , 2' form a layer of touching cubes stacked on top of the 
union of all the previous Zy^^, < j < i and 1 < s < 2^ Finally, set Z = {{l,t,2) : f G [0, 1]; we add 
this segment to the union of all Z, jt to make £ closed. 

It is possible to check that if £* is equal to the union of the interiors of all the faces of the cubes 
(which is a dense set of full surface measure in Z), then (H3) and (H4) are satisfied. Ahlfors regularity 
of £ can be checked as in (a) above. 

Remark 2.16. The mock tangent planes Hx are not unique in the definition of the class £/ (5) but 



a posteriori it follows from Theorem 1.4 that if £ G ^ (5), then for any x G S* there is at most one 
choice of the (up to a set of zero measure) if one wants S'q{T') to be finite. Thus, finiteness of the 
energy is a very strong assumption: it forces us to abandon the apparent freedom of choice of the H^, 
and forces E to be a single embedded manifold, with a controlled amount of bending at a given length 
scale, depending only on the energy. 



3 Topological prerequisites 

To guarantee the existence of big projections later on, we shall need a topological invariant, which is 
a version of the linking number modulo 2. 

Definition 3.1 (Linking number modulo 2). Assume that £ is an admissible surface of class s^{8) 
and N"^"^^^ is a compact, closed {n — m — \) -dimensional manifold of class C^ embedded in W and 
such that N"-"'-^nL = (d. 
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For each i G / and for the manifolds Mi which satisfy (H2) and (H4) of Definition 2.10 let 



Gi-. MixN"-'"-' 3 {w,z) ^ /f^^l \ G S"-'. (3.1) 

\fiiw)-z\ 



We set 



lk2{L'",N' 



m AT-n— m— In 



1 if deg2 Gi = 1 for some i E /, 
if deg2 Gi = 0/or all i £ I. 



We shall use this definition mostly in the case where A/^"^™^ ^ is a round sphere (or an elhpsoid 
with ratio of axes very close to 1) contained in some (w — m)-affine plane in M". 
We need the following four properties of this invariant. 

Lemma 3.2 (Homotopy invariance). Let £ G =2/(5) and let N be a compact, closed {n — m — l)- 
dimensional manifold of class C^, and let Nj := hj{N) for j = 0, 1, where hj is a embedding ofN 
into W such that Njr]'L = 0. If there is a homotopy 

H: Nx [0,1] ^M"\r 

such that H{-,0) = ho and H{-, 1) = hi, then 

lk2(I,A^o) = lk2(I,M). 

Proof. Note that the mappings 

gij:MixN3{w,z)^ eS"-^ i€l, 7 = 0,1, 

are such that gi^ is homotopic to gi^\ for each / € /. Thus, the lemma follows directly from Theo- 
rem|T9|(ii). □ 



Lemma 3.3 (Small spheres in 'mock' normal planes are linked with Z). Assume that £ G £/{5) 
and X £ Z*. Then for all r £ (0, rQ^x)) and for Vx = (^.v)^ we have 

lk2iL,S"-'"-\x,r,Vx)) = \, (3.2) 



where ro{x) is the constant in Condition (H3) of Definition \2.10 



Proof. Due to condition (H3), each sphere S"^™^^ (x, r; Vx) with r G (0, ro(x)) can be deformed homo- 
topically to S"^"'^^(x, ro(x); V^); we simply adjust the radius, changing it linearly. Since the image of 
that homotopy is disjoint from £, the lemma follows from (H4) and Lemma [3^ □ 



Lemma 3.4 (Distant spheres are not linked). IfL G £/ (d), <e <r <2e and dist(y,r) > 3s, then 

ik2{LX-"'-Hy,nV)) = o 

for each plane V £ G{n,n — m). 

Proof. Fix an arbitrary / G /. Set N"-""- ^ = S""'"" ^ {y, r; V) and let G,- : M; x A^«-™- 1 ^ §«- 1 be defined 
by ( |3.1| ). We shall prove that deg2 G, = 0. To this end, consider the homotopy 

H: MixN"-"'-^ X [0,1] ^S""i 
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given by 

"('-■^■')- i»ii't!:";!!'"ir -e«„ze^/"— ,,e[o,,i. (33) 

\fi{w)-{y + {l-t){z-y))\ 

It is easy to see tliat H is well defined and continuous; we have H{w,z,0) = G,(w,z). Tlius, by Theo- 
rem 



2.9 (ii), deg2G,- = deg2//(-, - ,0 for each t G (0, 1] 



If m < n — I, then the image of //(•,-, 1) in S"^^ is the same as image of Z, under the map ^ i— )• 
— 3')/|i§ — j| which is Lipschitz in a neighbourhood of Since J^"'(r;) < oo, //(•,-, 1) cannot 
be surjective, since the J^"^ ^ -measure of its image is zero. Thus, we obtain deg2//(-, •, 1) = = 
deg2//(-,-,0) = deg2G,-. 

If m = « — 1, we first approximate by a smooth map fi : — )• R", so that ||/,- — /i Htx, < s/2. 
Then, 

GKw,z) := {f^{w)-z)/\Mw)-z\, {w,z)eMixN''-'"-\ 

satisfied deg2G,- = deg2G,-. Next, we define H by ( |3.3[ ) with /,'s replaced by /'s. If //(•,-, 1) has no 
regular points (= points where the differential has rank equal to « — 1), then its Jacobian is zero, and 
//(•,-, 1) is not surjective. If H{-,-, 1) has at least one regular point, then since A^"-*"^! consists of 
two distinct points zi,Z2 and H{w,zi, 1) = H{w,Z2, 1), we see each regular value of H{-,-, 1) has an 
even number of preimages inM, xN"^'"^K Hence, in either case deg2//(-, •, 1) = = deg2//(-, - ,0) = 
deg2 Gi = deg2 G,-. 

Lemma 3.5, IfL G ^ (5) and for some y G M", r > and V € G{n,n — m) we have 

lk2(I,S"-'"-'(3',r;V)) = l 

then the disk 

D"-"\y,r,V) ■=y + {v(^V: \v\ <r] 

contains at least one point ofL. 

Proof. Suppose this were not the case. Then dist(r,D"^'"()', r;y)) > 3£ for some £ > 0. We deform 
continuously the sphere S"^"'^^(j, r;y) to S"^'"^'(j,3e/2;y), staying all the time iny + V, at the 
distance at least 3e to £. This yields 

lk2(r,S"-"'-Hj,r,;V)) =lk2(r,S"-'"-H3',3e/2;V)) =0 



by Lemma 3.2 and Lemma |X4| a contradiction. □ 



4 Uniform Ahlfors regularity 
4.1 Good couples of points 

We introduce here the notion of a good couple. It expresses in a quantitative way the following rough 
idea: if there are two points x,y G £ such that the distance from to a substantial portion of the affine 
planes z + H^ (where z is very close to x) is comparable to — j|, then a certain portion of energy 
comes only from the neighbourhood of points forming such a configuration. Quantifying this, and 
iterating the resulting information in the next section, we eventually are able to pinpoint some of the 
local and global properties of the surface. 

Recall that Qe- stands for the orthogonal projection onto {HS)-^. 

^Just move fi{w) to fi{w) along a segment, which avoids a?"^"'^', as ||// — / Hoo < e/2 and dist(/i(w),A') > e/2. 
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Definition 4.1 (Good couples). We say that G S x £ is a (A , a, (i)-good couple if and only if the 
following two conditions are satisfied: 

(i) d/2 < |x-3'| < 2d; 

(ii) The set 

S{x,y;a,d) := {z e B"{x,a^d)n'L* : \QH-iy-z)\ >ad} 

satisfies 

je'"{S{x,y;a,d)) > XJ^"'{B"'{0,a^d)) = Xo){m)a^'"d"\ 

We shall be using this definition for fixed < a, A ^ 1 depending only on n and m. Intuitively, 
good couples force the energy to be large. Once we have a (A, a,J)-good couple, then 1 /Rip must be 
> ad^^ on a set in £ X £ of J^'" J^™-measure roughly d^'". Thus, for q > 2m, one cannot have d 



small and f^c,(£) small simultaneously. We quantify that in Lemma 4.4 



Lemma 4.2. If {x,y) ^LxLis a a, d)-good couple with a < j and an arbitrary A G (0, 1], then 

1 1 a 

(4-1) 



Rtp{z,w) 9d 
for all z G S{x,y;a,d) andw G B"{y,a'^d). 
Proof. For z,h' as above we have 

\Qh,{w-z)\ = \QH,{y-z) + QH,{w-y)\ 

> ad-\w-y\ by Def.[4l](ii) 

> — as a < 1/2. 

Moreover, — z| < |;ic — j| + — z| + jw — 3^1 < 2d + 2a^d < 3d. Thus, by < \1.2) , 
1 _ 2dist(w,z + //j.) _ 2|e//^(w-z)| ^ ad _ I a 



Rtp{z,w) |w-z|2 |w-z|2 (3J)2 9d 



4.2 Finding good couples and large projections 

To prove uniform Ahlfors regularity, we shall demonstrate that each E with finite energy cannot 
penetrate certain conical regions of M". The construction of those regions will guarantee that in 
a neighbourhood of each point x € L* the projections of £ onto suitably chosen m-planes passing 
through X are large, and a bound on the energy will allow us to prove that such neighbourhoods have 
to be uniformly large, independent of the particular point x G £* we have chosen. 
For a plane H G G{n,m) and 5 G (0, 1) we set 

C{5,H) := {zGM": |e//(z)|>5|z|}, (4.2) 
Cr{5,H) := C{5,H)r\B"{0,r). (4.3) 

(These are closed 'double cones' with 'axis' equal to H^. Note that if « > m + 1, then the interior of 
C{5,H) and of Cr{5,H) is connected.) We shall also use the intersections of cones with annuU, 

AR,r{x,5,W):=x + mt{cR{5,W)\B'\0,r)y (4.4) 
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Lemma 4.3 (Stopping distances, good couples and large projections). 

There exist constants rj = 7] (m) ,5 = 5 (m) , A = X{n,m) G (0, ^ ) which depend only on n,m, and 
have the following property. 

For every EG £^{5) and every x G £* there exist d = dg (x) > and j G £ such that 

(i) {x,y) is a (A , T] , d)—good couple; 

(ii) for each r G (0,d] there exists a plane H{r) G G{n,m) such that 

KH^,^{LnB"{x,r)) D //(r)nB"(%(,)(x),rVl-52), 
andtherefore ^'"(i:nB"(x,r)) > {I - 5^)"'/^(0{m)r'" for all < r < ds{x); 

(iii) the plane W = H (d) €z G{n,m) is such that 1,0 A^i^/ii^T^j^) = ®- 

(iv) Each disk D"-"'{z, r,W^) =z + {v£W^: \v\ < r} with z€x + W, \z-x\< d\/l-5^, and 
radius r such that 



\z,r,W^):=z + {vGW^: \v\ = r} C A,j^2ix,5,W) 
contains at least one point ofL. 



(4.5) 



The number ds{x) is referred to as the stopping distance. It can be checked that the condition ( |4.5| ) 
for the radii of disks containing points of E is equivalent to 



1-5^ 



|z— < <d'^ — \z—x\^ 



if -^Jl-5^- <\z-x\<d^/l-5^, (4.6) 



(4.7) 



Lemma 4.4. Let 5 (m) be the constant of Lemma 4.3 IfL G {5) for some 5 G (0, 5 (m)] and S'q(JL) < 
oo for some q > 2m, then the numbers ds{x) satisfy 



d{L) := Md,{x) >0. 



Moreover, we have 



where 



\/(q-2m) 



c = (2-9^)-'w(m)2AT]^'"+^ 



(4.8) 

(4.9) 
(4.10) 



for A = ?i{n,m) and T] = T] (m) as in Lemma 4.3. 



The rest of this Section is organized as follows. We prove Lemma 4.3 in the next subsection. Then, 



in subsection|4.4[ we derive Lemma 4.4 from Lemma 4.3 and prove Theorem 1.2 



20 



4.3 The proof of Lemma [43 



The proof of Lemma [431 is similar to the proof of Theorem 3.3 in our paper O- It has algorithmic 
nature. Proceeding iteratively, we construct an increasingly complicated set S which is centrally sym- 
metric with respect to x and its intersection with each sphere dB"{x, r) is equal to the union of two or 
four spherical caps. The size of these caps is proportional to r but their position may change as r grows 
from to the desired stopping distance ds{x). The interior of S contains no points of £ but it contains 
numerous {n — m— 1) -dimensional spheres which are nontrivially linked with Z. Eventually, this en- 
sures parts (ii)-(iv) of the lemma. To find a good couple {x,y), we construct S so that dSr\{T.\ {x}) is 
nonempty, and one of the points in this intersection, or one of nearby points of £ will be good enough 
for our purposes. 

The rest of this subsection is organized as follows. We first list the conditions that have to be 
satisfied by T], 8, and X. Then, we set up the plan of the whole inductive construction and describe 
the first step in detail. Next, we give the stopping criteria. Analyzing them, we demonstrate that when 
the iteration stops, then (i)-(iv) of the lemma are satisfied. If the stopping criteria do not hold, then 
we perform the iterative step. Due to the nature of stopping criteria the total number of steps in the 
iteration must be finite, since £ is compact. 

We fix a sufficiently small 5 > (to be specified soon) and assume that E belongs to the class 
of all admissible surfaces defined in Section|2] For the sake of simplicity, we assume throughout 
the whole proof that = x G £*. 

The constants. We fix the three constants X] = r]{m),8 = 5{m),X = X{n,m) in (0, ^) so that several 
conditions are satisfied. We first pick Tj and 5 so small that 

6C2(5 + T]) < 6C3(5 + T]) < £1, (4.11) 



where £u_C2 and C3 denote the constants (depending only on m) introduced in Lemma |2.3| and 
Lemma 



2.4 in Section 2.2 ° Without loss of generality we can also assume that 



(l-5^r/^>l and ^i^-5'Y^'>l 



(4.12) 



and 



5>5t]. (4.13) 
Next, we let / be the minimal number such that there exist J balls 

Bk:=BGin,m){Pk,ri^) = {H £G{n,m): <^{H ,Pk) < ri^}, k = \,...,J, PkeG{n,m), 

that form a covering of the whole Grassmannian G{n,m). Since rj depends only on m, this number J 
depends in fact only on n,m. Finally, once J is fixed, we let 

The construction. Proceeding iteratively, we shall construct three finite sequences: 

• of compact, connected, centrally symmetric sets So C Ti C Si C C ^2 C • • • C S^-i CTj^ C 



^The stronger inequality, involving C3, is needed later, in applications in Sectionjs] Here, in this proof, just the condition 
602(8 + J]) < El would be sufficient. 
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of m-planes Hq,. . ., and H^,. .. , j £G{n,m) such that the angle <) {Hi ,HJ) <£\ for each 



/ = 0, . . . , A'^ — 1, where ei is the small constant of Lemma |23 

• and of radii po < pi < ■ • • < Pn, where pj^ =: ds{x), so p^ will provide the desired stopping 
distance for x as claimed in the statement of Lemma 1431 

Everywhere below in this subsection, we write Vi := and := {H*)^. 
These sequences will be shown to satisfy the following properties: 

(A) (Diameter of 5,- grows geometrically). We have Si C Bp. =B"{0,pi) and diamSi = 2p,- 
for / = 0, . . . ,A'^. Moreover 

Pi>2pi-i for /=1,...,A^. (4.15) 

(B) (Large 'conical caps' in Si and 7]). 

Si\Bp,_, = Cp,{5,Hi) \Bp,_, for / = 1, . . . ,A^, (4.16) 

and 



Ti+iCBp_, Ti+y=SiUAp_,p_/2{0,d,H*) for i = 0, . . . ,N - \. (4.17) 

(C) (£ does not enter the interior of 5, or 7]+i). 

rnint5, = for / = 0,...,A^, (4.18) 

rnint7]+i = for / = 0,...,A^-1. (4.19) 

Moreover, we have 

rn5S,nC(5,//;) = forp/<r<2p;, / = 0,...,A^-1. (4.20) 

(D) (Points of r\ {jc} on dSi). The intersection ILCidBp. n dSj is nonempty for each / = 
1,...,A^. 

(E) (Linking). If z G Hi satisfies \z\ < PiV 1 — 5^ and the radius r > is chosen such that 
the [n — m— 1) -dimensional sphere 

S"-'"-i(z,r;V,)=z + {v: v e V,-, |v|=r} 
is contained in the interior of Si n (Bp. \ B'^ , then 

lk2 (I™, (z,r;V,)) = 1 (4.21) 

for / = 1, . . . ,N. 

(F) (Big projections of Bp n £ onto //,). For t G [p,_ i , p,] , / = 1 , . . . , A/^, we have 

TTffX^nBH D HiDB';^^. (4.22) 
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Start of the iteration. We set So:=Q),Ti := 0, po := and Hq = = H\ := //^ e G{n,m), where 



stands for the mock tangent plane at ;c = G £*, satisfying (H3) of Definition 2.10| 
Moreover, we use the convention that our closed balls are defined as 



so that the closed ball Bq of radius zero is the empty set. 

Notice that for a complete iteration start we need to define pi and in order to check Conditions 
( |4n3| ) in (A), ( |4TT6l ) in (B), ( |4TT8] ) for / = 1, and ( [43T] )-( |432l ) constituting Conditions (E) and (F). All 
the other conditions within the whole list are immediate for / = 0. 

We set 

■.= Q{d,Hr). (4.23) 

With growing radii t the sets A"/ describe larger and larger double cones with 'axis' perpendicular to 
Hi and fixed opening angle which is very close to n when 5 is small. Now we define 

pi := inf{? > Po = : in/:/ n dB, / 0}, (4.24) 

and notice that since £* satisfies ( |2. 11| ) of condition (H3) by definition, one has pi > ro(;c) > : 



Kp^ ; in other words we have 



2po- 
with 



This yields dTB] ) in (A) for / = 1. Set Si 
diam^i = 2pi, so that all properties mentioned in (A) are satisfied for / = 1. Moreover, since we have 
adopted the convention that Bo is an empty set and po = 0, condition ( |4.16| ) in (B) does hold for / = 1. 
The definition of pi guarantees that there are no points of £ in int^i, implying ( |4.18 1 in (C) for / = 1. 
Condition (D) for / = 1 follows from the definition of pi, as £ is a closed subset of M". 

Let us now take care of (E) and (F) for / = 1. To check (E), note that by Lemma [33] we have 

lk2(I'",S"-'"-H0,n;Vi)) = l 

for every rj > 0, ri < rQ{x) = ro(0). Any sphere S"^'"^^(z,r; Vi) with z and r specified in (E) for 
/ = 1 which is contained in intS'i can be homotopically deformed to, say, S"^'"^'(0,ri; Vi) with ri = 
ro(;c)/2; to this end, we just first move the base point z to along the segment {tz: t £ [0, 1]} in Hi, 
and then adjust the radius. Notice that all {n — m— l)-spheres used to define such a homotopy are 
contained in intS'i and therefore stay away from £ by ( |4.18| ) in (C) for / = 1. 

Thus, by Lemma[3]2j (E) follows for / = 1. (Note that in this first step we have even proved more. 
In fact, every sphere S"^'"^^{z,r,Vi) with z G Hi, \z.\ < piVl — 5^ and radius r such that 



iz,r,Vi) C int5i 



is nontrivially linked with Z; for / = 1 we do not have to restrict ourselves to spheres in intS'i inter- 
sected with the annulus. This restriction, however, will be necessary at later steps.) 



Invoking Lemma 3.5 we conclude that each {n — m) -dimensional disk D" '"{z, r;Vi), with z and 
r as in (E) for / = 1 , must contain at least one point of E. Therefore, 



TtHi (lnD"-'"(z,r;yi)) = {z} for all zeHi with |z| < Pi \/l-52. 
Since all disks D"^'"(z,r; Vi) are contained in B'p^ we conclude 

^inB;^c7r^.(B;,nr). 



This is the big projection property (F) for / = 1. 
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To summarize this first step, we liave defined tlie sets C Ti C C M", and tfie planes //q, Hq 
and Hi wliicli, up to now, are all identical, so that the desired estimate for the angle <){Hi,Hl) holds 
trivially for / = 0. We also have defined pi > 2po = 0, postponing the decision whether N > I or 
N = I. Note that we have not defined yet. However, (E)-(F) do hold for / = 1 , and all those items 
in the list (A)-(D) for / = 1 which do not involve statements about T2 or also do hold. 

We shall now discuss the stopping criteria and show how to pass to the next step of the iteration 
when it is necessary. 

Stopping criteria and the iteration step. For the decision whether to stop the iteration or to continue 
it with step number 7 + 1 for j > 1, we may now assume that the sets 

SoCTiCSiCT2CS2C---CTjCSjC M", 

and the m-planes Hq,. . . ,Hj, H^,. . . , Hj_ j with <^{Hi,Hf) < £1 for / = 0, . . . , 7 — 1 , have already been 
defined. We also have at this point a sequence of radii po = < pi < ■ ■ ■ < pj satisfying the growth 



condition ( 4.15 1 for / = 1 , . . . , j. 



The first two conditions in (A) may be assumed to hold for / = 0, . . . , j. In (B) we may suppose 



(4.16) for / = 1, ... ,7, in contrast to (4.17 1 which holds only for / = 0, ... ,7 — 1. Similarly, we may 



now work with ( |4.19| ) in (C) and ( |4.20| ) in (D) for all / = 0, ... ,7 - 1 , whereas ( |4.18| ) in (D) can be 



assumed for / = 0, . . . , 7. The statements in (E) and (F) can be used for / = 1 , . . . , 7. 

We are going to study the geometric situations that allow us to stop the iteration right away; if 
this is the case, then we set N := 7 and ds{x) := pj = p^. Basically, there are two cases when we 
can stop the construction because then there is a point y G (Bp^ \intBp^/2) such that {x,y) form 
a (A,T],py)-good couple. In the third case it turns out that ZnBp^. \intSp^/2 is contained in a thin 
tubular neighbourhood of some plane Hj, which is close to Hj and very close to many of the mock 
tangent planes for points z in B"{x,ri^Pj) nZ* — a priori, possibly even to all of these tangent 
planes. When this happens, then we set //y+i := HJ, define a new radius Py+i, new sets Tj^i C Sj^i 
containing Sj, and finally check all the properties listed in (A)-(F). 

The different geometric situations depend on the position of the point where the surface hits the 
current centrally symmetric set Sj. 

Case 1. (First iiit immediately gives a good couple.) This occurs if there exists at least one point 



y G dBp. riC{5,Hj) n£ such that the set S{x,y;ri ,Pj), cf. Definition 4.1 (ii), satisfies 

J^'"{S{x,y;ri,pj)) > X(o{m)ri^'"pf . (4.25) 

If Case 1 holds, then, directly by definition, {x,y) is a (A , T] , Py)-good couple. We then setN := j, 



ds{X) = Pn, and stop the construction. It is easy to see that all conditions of Lemma 4.3 are satisfied. 

If Case 1 fails, then we define the new plane H*j which, roughly speaking, gives a very good 
approximation of a significant portion of the mock tangent planes H^ for z close to x, and examine the 
portion of Z contained in the closed set 

Fj := B«(0,2py) \intS"(0,py/2) (4.26) 

to distinguish two more cases. In one of them the iteration can be stopped in a similar way. In the 
second one, the whole intersection SHFy might be very close to all mock tangent planes H^ so that 
there is no chance of finding a good couple; we have to continue the iteration then. 
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We begin with the definition of H*j. The choice of A in ( 4.14 ) comes into play here. In one of the 
two remaining cases H*j will become the new Hj+\. In the other case we can stop the iteration, setting 

Fix y S dBp.{x) r\LnC{5,Hj). Cover the Grassmannian G{n,m) by finitely many balls 



Let 



Bk = {H eG{n,m): ^{H,Pk)<ri^}, k = 1,2, ... ,J{n,m), Pk^G{n,m). 



(4.27) 



Since we already can use the big projection property! 4.22 1 of Condition (F) for all / < j, it follows 
that 

jr'"{LnB"^)> (0{m){\ - S^r/^r"" for all r < pj. 

Thus, we can estimate 

^'"(y,-) = ^"'(B';,2p^.nr) 

> (0{m){\-5y'-r]'^"'pJ 

> lco{m)Ti^'"p'J' by(|4J2i. 



Now, let 



Gr.= {zeYj: <){H„Pu)<r]^], 



1,1,. ..,J. 



Since the Gk cover Yj, there exists at least one ko^{l,2,...,J} such that 

1 



> -je'"{Yj) 



(4.28) 



> X(o{m)ri^'"pf by (|4l4l). 
We set Hj '■ = Phg, and distinguish two more cases. 

Case 2. (Some points of £ n Fj are far from Hj .) By this we mean that there exists a point y G En 

\y - {y)\ = \ {y-x)\> iripj . (4.29) 



Fj such that 



If ( |4.29| ) holds, then, as in Case 1, we setN := j, ds{x) = Pn, and stop the iteration. It remains to check 
that (;c,3') is a (A,T],py)-good couple. Condition (i) of Definition 4.1 is clearly satisfied. To check (ii) 
of that definition we estimate for each z G Gt^ C B^ip. n£*, using the triangle inequality, 

\QH,{y-z)\ = \y-z-nH,{y-z)\ 

= \y- [y] + ^h* (y) - m iy)-z + m (z) I 

> 2riPj — <){Hj ,H^)\y\ — 2\z\ by definition of the angle between m-planes 

> 2r}Pj — ri^\y\ — 2rf-pj by choice of and H* 

> VPj- 

(For the last inequality we just use \y\ < 2pj and T] < 1/4.) Therefore, Gkg C S{x,y, rj , pj). Moreover, 
( 4.28 1 guarantees that Jif"^{Gkg) is large enough. It follows that {x,y) is a (A,T7,py)-good couple. As 



25 



before in Case 1, it is easy to see now that all conditions of Lemma 4.3 are satisfied with H{r) = Hi 
for all rG (p,_i,p;]. 

If neither Case 1 nor Case 2 occurs, then we have to deal with 

Case 3. (Flat position; the whole SnFy is very close to H*.) This happens if and only if for each 
point 3^ G m /^y we have 



\y-KH*{y)\ = \QH]{y-x)\ <2ripj. 



(4.30) 



Intuitively, Case 3 corresponds to the following situation: most points of LnBpj are close to some 
fixed m-plane which is a very good approximation of for many (possibly all!) points z G £ close to 
X. We then set //y+i := Hj and have to continue the iteration. 

Flat position and the passage to the next step. We shall first check that if Case 3 has occurred, then 



'^(Vj,Vj+i) = <^{Hj,Hj+i) = <){Hj,H*) < 3c2(5 + T]) < ei 
In order to prove that this is indeed the case, we shall check that 

B"{w,3{5 + 77)) nH* / whenever w G Hj and |w| = 1. 



(4.31) 



(4.32) 



Indeed, assume ( 4.32 ) were false. Fix a unit vector w G Hj such that B"(w, 3(5 + 77)) n//* is empty. 
Let z = sw for 

.:=^(l-52)V2pyV-py. (4.33) 



Pick 



10' 



_ 10 6 

'■•-y (i_ 52)1/2 1^1 



(4.34) 



Then, by ( |4.6[ ), the sphere S"^"'^^(z,r; Vy) is contained in the interior of the intersection of C{5,Hj) 
and the annulus Fj. Thus, we may use Condition (E), ( 4.21 ) for / = j, and Lemma 3.5 to conclude that 
the disk D"^"'{z,r;Vj) contains at least one point yi G L. We also have yi G Fj; this follows from the 
choice of z and r. Invoking ( 4.34 1 and ( |4.33 1 above, we have 

bi — z| <r = dpj < 2sd . 

Since B" (w, 3 (5 + T] ) ) n //J =0 and z = sw, by scaling we have also 

B"{zM5 + ri))nH* =(I), (4.35) 

so that the triangle inequality gives, by ( |4.33| ), 

\yi-^H*(j'i)\ >3s{5 + r})-2s5 >3sri >2r]pj. 



This, however, is a contradiction to condition ( |4.30| ) which holds in Case 3. Hence, ( |4.32| ) holds too, 
and for every orthonormal basis (e,) C Hj the vectors fi := T^Hj^i (^;) form a basis of //y+i which 
satisfies |e; — /,| < 3(5 + T]) < £1. Lemma [23] implies that 

'^iHj,Hj+i) = <^{Hj,H*)<C2-3{5 + ri) ^ £1, 



which is (4.31 1. 
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As the angle <^{Hj,Hj+\) = ^(Vy, Vy+i) is small, the cones C{5,Hj) and C(5,//y+i) have a large 
intersection. Indeed, for any unit vector v G M" with | TlHj^i (v) | < we have | tiMj (v) | < + 3c2 (5 + f] ) 
by definition of <){Hj,Hj^i). Thus, 

|!2//,(v)| >|v|-|7r//^.(v)| >l-0-3c2(5 + T])>5 

whenever 6 < \ — 5 — 3c2(5 + t]) < 1 — ei. In particular, every unit vector v G Vj+i belongs to the 
interior of C{5,Hj). 
We now define 

Ty+i := 5y U (Cp^. (5 , Hj+i) \ intB;^/^) . (4.36) 

According to (430 1, this immediately gives the missing conditions ( |4.17 1 in (B) and ( 4.19 ) in (C) for 
/ = j. To check ( |4.20[ ) in (C) for / = j, note that in Case 3 we have 

\QH*iy)\<2ripj<4ri\y\ 

for each point of £ in the annulus Fj. However, when y G C{5,Hj)n dBr for some Pj <r < Ipj, then 

ED EH} 

\QhM V 5\y\ V 5n\y\, 



so that y cannot be a point of £. This gives ( |4.20| ) for / = j. 

Now the crucial thing is to define the next radius py+i and take care of the linking condition ( 4.21 1 
for / = 7 + 1 . 



The next radius and homotopies from large spheres to smaller tilted ones. Set 

and define 

Pj+i := inf{? > Pj : LHK/^^ n dB, / 0}. 



(4.37) 



(4.38) 



Notice that condition ( |4.20[ ) guarantees that p^+i > 2py. This verifies ( |4.15| ) in Condition (A) for 
/ = j + l. Now we define 

Sj+i := Tj+i U {Ki,+\ \ intBpJ, (4.39) 

and check that Conditions (A)-(F) are satisfied. 

Indeed, Sj+i C SjUKi,^^\ C Bpj UBp.^^ by Condition (A) for / = j, which implies that (A) holds 
for / = j + 1 as well. Next, 

•^7+1 \^Pj = \^Pj = Cpj+i {5,Hj+i)\Bp^, 

since Sj C Bpj by Condition (A) for / = j. Hence ( 4.16| ) holds for i = j + 1. The inclusion Tj^i C 
SjUBpj C Bpj and other conditions involving Tj+i have already been checked; they follow directly 
from the definition of Tj+i; see ( 4.36 ). Using ( 4.18 1 for / = j and the definition of py+i > 2py in ( |4.38[ ) 
we infer that ( |4.18| ) holds for / = j + 1, and ( |4.19| ) for i = j. We also have 

LndBrnC{5,Hj+i)=Q for each r G [py,py+i). (4.40) 

Also Condition (D) follows directly from the definition of Py+i. 

Now we turn to the proof of the hnking condition, (|4.21|), for / = j + 1. 
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The definition (438 1 of py+i implies that each sphere S" ^(z,ro,Vy+i) where z G ^y+i> kl < 
Py+iVl — and the radius ro is such that 

Mo := (z,ro,yy+i) C int5y+i G M": py+i/2 < \y\ < py+i} 

can be homotopically deformed to 

Ml :=S"-'"-i(0,n;Vy+i) C int5y+in {jGM": py+i/2 < |y| < py+i}, 



1 



\z\'+rl 



without meeting any points of £, so that the linking invariant used in ( |4.21| ) is preserved. One of the 
possible homotopies is to move the base point z to along the segment z{t) = {I —t)z, t £ [0, 1] , at the 
same time increasing the radius from ro = r(0) to ri = r(l) so that 

p^:=\z{t)\' + r{t)' 

remains constant for all t G [0, 1]; in this way, we simply slide the {n — m — 1) -dimensional spheres 
along the surface of a fixed {n — 1) -sphere, staying all the time in the interior of Sj+i intersected with 
the annulus {y G M" : py+i/2 < \y\ < Py+i}. By Lemma 3^we have 



ik2 (r,Mo) = ik2 (r,Mi). 

Next, we may homotopically deform the sphere Mi to another sphere of radius r2. 



(4.41) 



M- 



2 ■ = 



5«— »I— 1 



(0,r2;Vy+i), r2 = -pj G (py/2,py). 



We just shrink the radius linearly, staying all the time in the {n — m) -dimensional subspace Vy+i . It is 
clear that all the flat spheres realizing this homotopy Mi ~ M2 stay in the interior of Sj+i (by ( |4.18| ) 
for / = 7 + 1 and the definition of Ty+i in ( |4.36| )) and do not contain any points of Z, so that, again by 



Lemma 3.2 



lk2 (r,Mi)=lk2(E,M2). 

But M2 can be homotopied — still in the interior of 5y+i — to another sphere, 

M3:=S"-™-'(0,r2;Vy), 
which has the same radius r2 but is slightly tilted; therefore, 

ik2 (r,M2) = ik2(i:,M3). 



(4.42) 



(4.43) 



To check this, we perform two steps. First we move each point y of M2 C Vy+i along the segment that 
joins y to its projection TTy (3^) . This gives an ellipsoid which is nearly spherical and has all axes at least 
(1 — £i)r2 because of the condition ( 4.31| ) for the angle between Vj and Vy+i. Next, we continuously 
blow up this ellipsoid, moving each of its points along the rays that emanate from to points of M3. 
Because of the smallness condition ( 4.1 1 1 for the constants that we use, each segment ly with one 
endpoint at j G M2, \y\ = |py, and the other at nvj{y) is certainly contained in the interior of Sj (i.e. 
far away from £), as 

\y - 71V, iy)\<^ iVj,Vj+i) bl < 3C2 (5 + T] )r2 < 3C2 (5 + T] )py < ^Py , 
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so that 171^^ (3^)1 > |P; ~ > 5P7 > '^Pj-i- Thus, invoking Lemma 3.2 one more time, and applying 
the inductive assumption, i.e. the linking condition ( |4.21| ) for / = j, we finally obtain 

ik2(r,Mo) = ik2(r,M3) = i 



This gives ( |42T) of (E) for i = j+l. 

It is now easy to establish the big projection property of (F) for i = j +1. We do this as in the 



first step of the proof: invoking Lemma 3.5 we conclude that each flat {n — m) -dimensional disk 



D" '"(z,r; Vj+i), with z and r as in (E) for i = j + 1, must contain at least one point of £. Therefore, 

7lH,^,{LnD"-'"iz,r,Vj+i)) = {z} for all z G Hj+i with |z| < pj+iVT^. 
All disks D"^'" {z, r; Vj+i) are contained in B'p.^^ so that 



This gives ( |4.22[ ) in (F) for / = 7 + 1 , and finishes the proof of all conditions in the list (A)-(F) in the 
iteration step. 



Since we have established Condition (E) in the iteration step and ( |4.15[ ) holds, too, we can deduce 
that Case 3 can happen only finitely many times, depending on the position x onL and on the shape 
and size of Z: 

diaml > p,- > 2p,_i > • • • > > 2'" Vo(x), 

whence the maximal number of iteration steps is bounded by 

1 +log(diam£/ro(x))/log2. 



This concludes the consideration of Case 3, and the whole proof of Lemma 4.3 



□ 



4.4 Bounds for the stopping distances and uniform Ahlfors regularity 



We shall now derive Lemma [44] and Theorem 1.2 from Lemma 4.3 This is a relatively easy task at 
this stage. We shall just relay on estimates for the (f^-energy in the neighbourhooud of a good couple 
(x,y) G £ X £. 

Since £/ (5) C £/ {5') for 5 < 5', we assume from now on that 5 = 5{m) is the 



Proof of Lemma 4.4 



constant of Lemma [ 

Fix £ > small (to be specified later on). Assume that dilL) = infj:* dg < e and select a point x G £* 



such that ds{x) < s. Use Lemma 4.3 to select a (A, T],J)-good couple {x,y) G £ x £. Let 

S := S{x,y;ri,d,,{x)) 

be as in Definition 4.1 (ii), and let B := B{y, ri-^ds{x)). Applying Lemma 4.2 we estimate 

1 \^ 



sJmB \Rtp{z,w 

> Jif""{S)J^'"{LnB, , , . 

V S ) 

> ?i(o{m)ri^'"d,{x)'" ■ Kzri^"'d,{x 
= Kz9-''XT]^"'+''d,{xf'"-'', 



dJ^'"{w)dje'"{z) 



by Lemma 4.2 



9d,{x) 



by Definitions 4.1 and 2.10 
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which implies 



a contradiction for 



:= Q/:5:At]^'"+''9-^4(I)-i 



l/{q-2m) 



This proves the first part of the lemma. 

Now, for an arbitrarily small a G (0, 1) pick xo E Z* such that d{L) < do = ds{xo) < (1 + G)d{'L). 
Select Jo £ ^ so that (jcq , ) is a ( A , T] , t/o )-good couple. We have t/^ (jo ) ^d{L) > do/ {I + a), so that 
by Lemma 4.3 (ii) 

jr"'{'LnB"{y,r)) > {I - 5Y^^(o{m)r'^ > ^(o{m)r"' 

certainly holds for r = rj^do < do/{l + o) since T] ^ 1 by ( |4. 11 1. Estimating the energy one more 
time, as before, we obtain 

4(E) > f [ /'^_yjjr'«(w)j^'"(z) 

Js{.xo,yo;riA>) JT.m(yo,r]^do) \Rvp{Z,w) J 
X 



> ^-^co(m)2T]4'«+«j2m-9 by Lemma [43 



Thus, 

where c = (2 • 9^)"^w(m)^AT]'^'"+^, as in ( |4.10| ). Letting a — )• 0, we obtain ( |4.9| ) and conclude the 
whole proof. □ 



Proof of Theorem 1.2 By the lower bound ( |4.9| ) for stopping distances, the inequality 

^'"(InB(x,r)) > (1 -52)'"/2w(m)/" > ^w(m)/" 
holds for each x G £* and each r < t/(£) < ds{x). By density of £* in £, we obtain 

jr"\LnB{x,r)) > ^w(m)r'« 



for all X and r < <3f(r). This implies Theorem 1.2 with 



2-9^ 



2„4m+g\ l/(9-2m) 



where A =X{n,m) and T] = T] (m) are the constants introduced in Lemma 4.3 



Remark 4.5. As we have already mentioned in the introduction, the proof above yields a result which 
is stronger than the formal statement of Theorem 1.2 In fact, the result holds also for all Z € ^2/(5) 
with < 5 < 5{m), where 8{m) is the positive constant of Lemma 4.3 and this is a wider class of 
sets than the one we used in the introduction. 
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5 Existence of tangent planes 



In this section we prove that for each point x G £ there exists a plane TjcZ GG{n,m) such that dist(x',x+ 
T^r) =o{\x' —x\) forx' G Z, x' — )-x. Moreover, the mapping x i—)- T^^is of class C^, K = {q — 2m) /{q + 
4m) > 0. A posteriori it turns out that if 5 > is small enough and £ G is an admissible surface 

with (^^(r) < oo for some q > 2m, then the mock tangent planes Hx defined a.e. on £ must coincide 
with the classically understood Txl^. 

The idea is to combine the results of the previous section with energy bounds and show that the 
P. Jones' j8-numbers of £ satisfy a decay estimate of the form j8E(x,r) < £'V(9+4"i)^!c jj^j^ alone 
would not be enough, but we already know that £ has big projections. Adding this ingredient, we 
are able to prove that £ is in fact a C^' '^-manifold. Moreover, in each ball of radius (#^(£)^'/(*^^'") 
centered at x G £ the surface £ is a graph of a C^ *^ function / : P ^ over P = T^L G G{n,m). 

The core of this section is formed by an iterative construction, presented in Section |5.3[ which 
yields the existence of tangent planes and estimates for their oscillation. At each iteration step, we 
need to check that the j8 -numbers decrease sufficiently fast as the length scale shrinks to zero. At 
the same time, we have to guarantee that the linking conditions which imply the existence of big 
projections are also satisfied. To make the presentation of that proof easier to digest, we introduce an 



ad-hoc notion of trapping boxes (Section 5.1 1 and prove an auxiliary lemma which is then used in the 
iteration. 

5.1 Trapping boxes 



Everywhere in this section Ri denotes the radius specified in Theorem 1.2 ascertaining the uniform 
Ahlfors regularity of surfaces with bounded energy. 



For the rest of the whole section, we fix 5, T] > small so that ( 4.11 1 is satisfied and all claims of 
Lemma 1431 are fulfilled. 



Definition 5.1. Assume that £g^(5), xG£, 0<r< Ri, 6 G (0, 5] and H G G{n,m). We say that a 
closed set F cB"(x,r) is a. (6,//)-trappingboxfor£inS"(x, r) if and only if the following conditions 
are satisfied: 

(i) £nB"(x,r) C F; 

(ii) GB"(x,r): dist(j,x + //) < Br} C F; 

(iii) ifz G x + // satisfies \z — x\ < (1 — d^Y^'^r, then there exists at > such that t^ + |z — xp < r^, 
the sphere S"^'"^'(z,f ;//"'") is contained in the interior ofB"{x,r) \F and 

lk2 (£,§"-"'-' (z,f;//^)) = l. 

Thus, informally, a trapping box is a subset of B = B"{x, r) which is at least as large as a cylindrical 
neighbourhood of x + // in B (of size specified by the parameter 6), and gives us some control of the 
location of £nB and of its projections onto H. 



If £ G X G £* and H = Hxis given by Condition (H3) of Definition 2. 10 then — for radii 

r < ro(x) — a simple example of a trapping box is provided by the cylinder 

{y£B"{x,r): dist{y,x + H) < 5r}. 



It satisfies all conditions of Definition 5.1 for = 5; in particular. Lemma 3.3 guarantees Condition 
(iii). 

Another example is given by the following. 
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Proposition 5.2. Let 5 (m) be the small constant of Lemma 4.3 Assume that £ € 5 G (0, 5 (m)], 

^qC^) ^ E, and R\ denotes the radius specified in Theorem 1.2 Then, for each jc G £ and each r G 
(0,/?i) there exists a plane H £ G{n,m) such that 

F ■.= {y£B"{x,r): dist{y,x + H) < 5r}\JB"{x,r/2) (5.1) 

is a {5, H) -trapping boxforL in B"{x,r). 



Proof. One can check that conditions (A)-(F) stated at the beginning of the proof of Lemma 4.3 



combined with the lower bound for stopping distances obtained in Lemma [44] imply the statement of 



Proposition 5.2 for all points x gL*. (To see this, look at condition ( 4.30| ) of Case 3, which is the only 



case when the iterative construction is continued. It has been designed in such a way that the union of 
{y G B"-{x,r) : d{?,t{y,x + H*) < IrjPj} and B"(jc,py/2) be a trapping box for £ in B{x,2pj); condition 
(E), cf. ( |4.21[ ), implies the existence of many spheres linked with £ so that (iii) of Definition 5. 1 



IS 



also satisfied. Since Tj < 5/5 by ( |4. 13 l, the claim of the proposition holds for all r G [pj,Pj^i] with 



H = Hj, and we can certainly increase r up to the infimum d(L) of all stopping distances, which 



satisfies (i(£) > /?i by Lemma 4.4 ) 



Assume now that x £*. Fix r G (0,/?i) and select a sequence x/ G £*, .x/ — )• as / — )• oo. For 
each / = 1,2, . . ., let /// whose existence is given by the statement of the proposition at points ;c/ G £*. 
Passing to a further subsequence, we may assume that G G{n,m) as / — oo. The trapping 

boxes Fi corresponding to xi and Hi via ( |5.1| ) converge then in Hausdorff distance to a closed set F 
given by ( |5.1| ) for x and H. Since £ is closed, £nB"(x,r) must be contained in F. Condition (ii) of 



Definition 5.1 is trivially satisfied, and condition (iii) is easily verified by using homotopical invariance 
of the linking number as we already did before (one has to slightly tilt the spheres in B" {x, r)\F to 
obtain spheres in B" (x/ , r) \ F/). □ 

The main idea of this section is to show that once we have a trapping box of the form ( |5.1| ), 
possibly with 5 replaced by some smaller number 6 > 0, then, under a certain balance condition for 
(p, r and the energy of £, we can perturb the plane H slightly to a new position Hi and find a smaller, 
cylindrical (<p,//i) -trapping box. We make this precise in the next subsection. 

5.2 Energy bounds and trapping boxes in small scales 

We introduce two new constants 

16m •9'' 

C4:=3(c3 + 1), C5 := — r~Y?~- (^•2) 



Recall from Lemma 2.4 that the constant cj, = \4m ■ 20'" depends on m only. 



Lemma 5.3. Assume that H G G{n,m), xGL, 0<r<Ri, 0<d<5, q> 2m. Let £ G £f{d), 
5 G (0, be an admissible surface with S'q{'L) < E. Suppose that 

Fe,,-{H) := {y£B"{x,r): dist{y,x + H) < dr}UB"{x,r/2) 

is a {6 ,H) -trapping box for £ in B"{x,r). IfO < (p < 1/ (6C4) satisfies the balance condition 

(p^rn+q^^m-q y ^ (5.3) 

then there exists a plane Hi £ G{n,m) such that 
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(i) <i){H,Hi)<2c2d; 



(ii) The cylinder 

F:={y^Bl/. d.i^i{y,x + Hi) < c^(p -Ir} (5.4) 

is a {c4^,Hi)-trapping box for £ in B"(jc,2r). 

The main point is that once we fix a finite energy level E, and r sufficiently small, then the condi- 
tion q > 2m guarantees that there are numbers (p>0 which satisfy the balance condition ( |5.3| ) and are 
such that C4<p is (much) smaller than 6. Since the angle <){H,H[) is controlled due to (i), the lemma 
can be applied iteratively. This will be done in the next subsection. 

Remark 5.4. If we fix an arbitrary point y G {B"{x,r) nZ) C FQ r{H) such that -^(1 — d^yl'^r < 
\y — x\ < r, then the plane H\ in Lemma 5.3 can be chosen so that y — x G Hi, as can be seen from the 
first step of the following proof. 



Proof of Lemma 5.3 Fix an arbitrary orthonormal basis {ei,. .. , em) of H and let 

d:=^il-ey^^r. 
Since < 5, we have d > |r by ( |4.12| ). Set Zi = dej, i = \ ,...,m. 

Step 1. Choice of Hi . Using Condition (iii) of Definition 5.1 Lemma 3.2 and Lemma 3.5 we conclude 
that each disk 

D,:=D"-"(z„0r;//^), i = \,...,m, 

contain^a point yj £ L. Set Hi = span(ji, . . . ,ym)- Letting hi = d^^yi, we use 6 < 5 and ( 4.1 1 1 to 
estimate 

\hi-ei\=d-^\yi-Zi\ < ^ <20 < |-, 



and invoke Lemma 2.3 to obtain <){H,Hi) < 2c20. (This initial step of the proof shows why Re- 
mark 5.4 is satisfied. We can work with an orthonormal basis e,- such that ei = 7iH{y)/\7lH{y)\-) 
Now, set A = l/4m. 

Step 2. For z near 0, most of the H^ are close to Hi. We shall estabhsh the following: for each 
/ = 1 , . . . , m, the couple of points a' = and y/ is not a (A, <p, r)-good couple. 

Assume that the opposite were true and for some / = l,...,m we had a (A,<p,r)-good couple 
{x,yi). Then, using the two estimates 



2m m 



jr'"(5(0,3;,-;(p,r)) > Kco{m)(p 

jr'«(rnB"(j,-,<?>V)) > ^-(o{m)^^"'r, 



(5.5) 
(5.6) 



where (5^1 comes from Theorem 1.2 and the inequality of Lemma 4.2 to estimate 1 //?tp> we would 
obtain a lower bound for the energy, 

1 



E > 



A 



S(0,yr,(p,r) JznB"{yiy-r) /?tp^(z, w) 
1 (p^^ 



dJ^"'{w)(g)d,^"'{z) 



> —(0{mY(p' 



1 ,rAm Jim 



2 

(0{mf 
Sm • 9'' 



9 r 

^4m+q^2m-ci > 2E 



(5.7) 



^There are points of L in all disks with slightly larger radii, and Z is closed. 
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by ( |5.2[ ) and the balance condition ( |5.3| ); this contradiction proves that the claim of Step 2 does hold. 
In particular, since the condition r/2 < \yi\ <2r is satisfied for each /, we have 



\-=i '=1 

< mA(0 (m) (p2"V'" = ^ CO (m) (p^'"r'" . 



(5.8) 



Step 3. The new box contains 'LnB"{x,2r). We shall show that the cylinder F defined by ( |5.4[ ) 
contains ZflBj,.. 

Again, we argue by contradiction. Suppose that there exists ^ G Snfij^ such that C, ^F. Set 

m 

G := (rnB"(o,<pM) \ U^(0'3'.-;<P,r) . 



/=1 



By Theorem 1.2 and (5.8 1, we have 



(5.9) 



and due to the definition of 5'(0,3',; (p, r) we know that 

\QH-Xyi-z)\<(pr, Z£G, i=\,...,m. (5.10) 
Fix z G G. ( |5.10| ) yields |2//^(3',)| < (pr+ \z\ < 2(pr. Thus, the basis vi,...,VmOfW := given by 

Vi=yi-QH-Syi), i=l,...,m, 
satisfies |v; — j,| < Icpr for each /. Letting w, := t/^^v,-, we check that 



W;-/l;|=<i 'Ivz-Jfi < ^ < 3(p < — , 



2<pr 



as6<p<(c4) ^ < 10 '(1 + 10'") ' = £i . Invoking Lemma[24|for H = Hi and W = we conclude 
that 

^(//i,W) = ^(//i,//J<3c39. 
Now, since F, we have ((^)| > 2c4<pr, and 

< ^(//i,W)|C| < 6c3(pr. 

Thus, for w G B"{^,(p^r) and z G G C B(0, <pV) 

|!2//,(w-z)| = |!2h'(w-z)| = |Gw(?-z)-Gw(?-w)| 

> \Qw{Q\-\z\-(p^r 

> \QH,{Q\-\QHAQ-Qw{Q\-2cp^r 

> 2c4(pr-6c3(pr-2(p^r>5(pr, 

since C4 satisfies ( |5.2| ) and 2(p^ < (p. On the other hand, we certainly have |w — z| < 3r for every point 
w G B"{^,q)^r). This yields 



1 



' >^:r^>-, forzGG,wGB"(C,<?>M- 



\w — z[ 



(3r) 
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We may now estimate the energy analogously to (5^1 and obtain would obtain a lower bound for the 
energy, 

1 



E > 



> 



> 



IG 
1 

2 

C5 



(5.11) 



4m 



-q^m-q > 2E . 



This is again a contradiction, proving that ZnBjr ^• 

Step 4. The linking condition. Since we have established <){H,H\) < 2c20 < 2c25 
first step of the proof, the sphere 



El in the 



is contained in the interior of B" \ F and we have dist(Mi,r) > 



2c^(pr > |r, since all points of 



EnBjr the cylinder F defined in ( |5.4| ), and (p < I/6C4. Thus, we may deformMi homotopically 
to 



M 



•= 



{0,lr,H^] 



so that the whole family of spheres realizing the homotopy stays in B" \ F, i.e. far away from £. (This 
can be done precisely as in the verification of ( |4.43| ) at the end of the proof of Lemma 4.3 



we move 



the points of Mi to their projections onto H^, and then deform the resulting ellipsoid to obtain the 
round sphere Mq.) 
Thus, 

lk2(Mi,E) = l 

by Lemma 3.2 Now, every other sphere S"^'"^^{z,t',H^), with z G Hi, \z\ < (1 — (c4<p)^)'/^ •2r and 
C4(p -Ir <t < (2r)^ — i.e. every {n — m — l)-sphere parallel to and contained in the interior of 
B2^\F, can obviously be deformed homotopically to Mi without hitting points of Z, since LnB" C F. 
Thus, again by Lemma 3.2 we conclude that Condition (iii) of Definition 5. 1 is satisfied for F in Bjr- 
This completes the whole proof of the lemma. □ 



5.3 The tangent planes arise: an iterative construction 



In this subsection, we apply Lemma 5.3 iteratively and prove the following. 



Theorem 5.5. Let5{m) be the constant of Lemma 4.3 Assume that T, G ^ (6) for some 5 G (0,5(m)], 
^qi^) ^ E, q > 2m. Then £ is an embedded m-dimensional submanifold of class C''"^, K" = (17 — 
2m)/(^ + 4m). 



In fact. Theorem 5.5 will be just a corollary of another result, which gives a lot of more precise, 
quantitative information. 



Theorem 5.6. Let 5 (m) be the constant of Lemma 4.3 Assume that Z G =2/ {5) for some 5 G (0, 5 {m)], 
'^q(^) ^ E, q > 2m. Then for each x G £ there exists a unique plane T^T, G G{n,m) (which we refer to 



as tangent plane of £ at xj such that 

dist(x',x + rfr) < C(?i,m,^,£')|x'— xl'^"^ forallxG'L, x'— t-x, 
Moreover, there exists a constant a2 = a2{n,m,q) > with the following property. 



(5.12) 
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Whenever x,y G £ are such that 

0<d:=\x-y\ <R2:=a2E-^l'^'i-^"'\ 



then 



'^{T,L,TyZ)<ceE'/'^''+^'"^\x-y\'', 



K - 



q — 1m 



(5.13) 



(5.14) 



for some constant ce depending only on n,m and q. Moreover, ?7 := En intB"{x,R2) is an open m- 
dimensional topological disk, the orthogonal projection Kj^y. onto T^X restricted to U is injective, and 
each cylinder 



with 



KN:={weB"{x,2dN): dist{w,x + Tj:) < ■2dN}, N=l,2, 



(5.15) 
(5.16) 



is a (j3iv, TxT.) -trapping box for £ in B"(x,2<i/v). 



Proof. A rough plan of the proof is the following. We shall first show, using Lemma [53] iteratively, 
that for each ;c G £ there exists a plane H* G G{n,m) such that for x,y sufficiently close we have 
<){H*,H*) < \x — y\ As a byproduct, we shall obtain a sequence of trapping boxes around each H*, 
allowing us to show that H* is in fact unique. Finally, we set TxL = H* and verify the statements 
concerning ttt^x- 

Step 1. Fix x,y (^L and assume that ( 5.13 1 does hold for a sufficiently small positive constant ai that 
shall be specified later on. Fix r\ > such that 



-n < —(1-52)1/^1 < \x-y\=d<ri <R2. 



(5.17) 



Invoking Proposition 5.2 for x and r = ri , we obtain a plane H £ G{n,m) such that 

F ■={w£B"{x,ri): dist{w,x + H) < 5ri}UB"{x,ri/2) 

is a (5,//) -trapping box for £ in B"(x,ri). 
Now, for A/^ = 1 , 2, ... we set 



rN 

(Pn 

On 



5^-1 



c 



l/(</+4m)pl/(^+4m) K- 



'Ni 



q — 2m 
q + 4m^ 



10C4(PN- 



(5.18) 

(5.19) 
(5.20) 



We have <Pa? < rj^ — as A/^ — oo; the constant a2 will be chosen later, in ( |5.31| ) below, so small that 5 
and ri shall satisfy the assumptions of Lemma 153] The choice of ri guarantees that 



4< 



4 < ^4 for all A^= 1,2,.... 



(5.21) 



Apply Lemma 5.3 and Remark 5.4 with 6 = d, r = ri and <p = <pi to choose Hi G G{n,m) such 
that y — xinHi and the cylinder 

Fi := {w G B"{x,2ri): dist(w,x + //i) < 2c4<Pin} 
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is a (c4(pi,//i) -trapping box for £ in B"(x,2ri). (The plane H\ will serve, roughly speaking, as a sort 
of average position for all tangent planes to £ in {x,r\) .) 

Step 2. The choice of H*. Since r2 = ri/5, we have 2c4(piri = 6\r2, and the intersection Fi nB"{x, r2) 
provides a -trapping box for £ in B"{x,r2). Invoking Lemma 5.3 again, we find a plane H2 G 

G{n,m) such that 

<^iH2,Hi)<2c2dy 

and the cylinder F2 := {w G B"(x,2r2) : dist(H',x + //2) < 2c4(p2?'2} is a (c4<p2, ^2) -trapping box for £ 
in S"(x,2r2). Proceeding inductively, we find a sequence of planes Hn G G{n,m) such that for each 
= 1,2,... the cylinder 



Fn := {w G B"{x,2rN) : dist(w,x + //Af) < 2c4(pArrA?} 
is a (c4 (Pat, //ft?) -trapping box for £ in B"(x,2r/v) and we have the estimate 

<^{Hn+uHn) <2c2Bn for all A^= 1,2,... 
Since Y^^N <'^, the planes converge to some plane H* G G{n,m) such that 



(5.22) 



(5.23) 



j=N 

00 

< 2OC2C4 ^ q)j by ( |5^ and ( |5^ 



2OC2C4C5 



l/(<?+4m)pl/(g+4m) 



'■w L by dSTTS] ) and ( [5J9l ) 



i=0 



< 



with 



A := 



A^=l,2,..., 

_ 40c2C4C;/(^+^")£V(?+4m) 



(5.24) 



(5.25) 



For the last inequality above, we have used an elementary estimate 5'^/(5'^ — 1)<2/k" which holds 
for each K-G (0,1 fl 

Now, note that since y—xG Hi the initial cylinder Fi is such that F\ n B" {y, r2 ) provides a ( 0i , //i ) - 
trapping box for £ in B"{y,r2). Thus, replacing the roles of x and y from the second step on, we may 
run a similar iteration and obtain a plane H* such that 



^(//;,//i)<Arf, 



(5.26) 



together with a sequence of planes /V — ^ (with P\=H\) and appropriate trapping boxes determined 
by those planes. By the triangle inequality, ( |5.24| ) for N = \ and ( |5.26| ) yield 



^(//;,//;)<2Arf. 



(5.27) 



Once the uniqueness of H* is established, we identify H* with TJL . The estimate ( |5.27[ ) combined 
with ( |5.25| ) will yield the desired ( |5.14| ) (note that ri |x — j| up to a constant factor which is less 
than 2). 



'^Indeed, /(ic) = Ka'^ < 2{a^ - 1) = g(K-) for all Jf e (0, 1) and a > e, as /(O) = g{0) and /' < g' on (0, 1). 



37 



step 3. Trapping boxes around H*. It is now easy to check that tilting the cyUnders and enlarging 
them slightly, we can obtain new trapping boxes Kj^ for £ in B"{x,2rN). 

Fix w G F/v- For sake of brevity, let and Qn denote the orthogonal projections of M" onto {H*)^ 



andH^. We have 



|2*(w-x) 



= \QN{w-x) + {Q^{w-x)-QNiw-x))\ 

< 2c4(pNrN + <^iH*,HN)\w-x\ 

< 2Ar^ ■ 2rN, 



(5.28) 



as C4<pAr < Arjy. Hence, by < \5.2l 



\Q*iw-x)\ < 9Ad^-dN. 
Therefore, if is defined by ( |5.16| ) with 

then we have 1 2* (w — x) | < ^Nd^ for each w e Fn- 
Thus the cylinder 

KN:={w£B"{x,2dN): dist(w,x + //;) < jSa, • 2Ja,}, A^=1,2, 



(5.29) 



(5.30) 



contains Fj^ r\B"{x,2dj^). It follows that 'Lr\B"{x,2d}^) C Kj^, as F^ was a trapping box for Z in a 
larger ball B" (x, 2ri^ ) . It is easy to see that the linking condition of Definition 5 . 1 is also satisfied (we 
just take a smaller set of spheres that are slightly tilted) so that Kj.^ indeed is a (jSat,//*) -trapping box 
for £ in B"{x,2dN)- 

Let us now specify a2. We choose this constant so that 



C(,a2 < 



1 

20 



and 



< a2 < ai, 



(5.31) 



where ai is the constant of Theorem [L2| Then, by ( |5.13| ), 

j8i = ceE'/^'^+^'^^lx-yl" 



(5.32) 



■ C(,a2 < 



20 



For these choices of cg and a2 all applications of Lemma |5. 3 [ were justified. Now, returning to ( |5.27| ), 
we obtain 



< 2Ar\ 

113 ^^Fl/(<?+4m), 



(5.33) 



In particular, as |x — j| < /?2> we also have 



(5.34) 
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To finish tlie wliole proof, it remains to demonstrate tliat H* is indeed unique and that £n 
intS"(;c,/?2) = ?7 is an open m-dimensional disk such that the projection Kh*\u is injective. 
Step 4. Uniqueness of H*. Since formally Lemma 5.3 alone does not guarantee that the choice of 
each new plane Hj^ is unique, we must now show that H* = IithHn is unique. 

Suppose that this were not the case, and that choosing Lj^ ^ Hj^ in some steps of the iteration we 
could obtain a different limiting plane L, with <) (L, H* ) > 0. 

Select weH* with |w| = 1 such that \w - 7iLiw)\ > > 0. Set V := (H*)-^ and without loss of 
generality suppose that x = 0. The spheres 



Ma 



are contained in mtB"{0,2dN), away from E since jSa? < jSi < 1 /20, and by Lemma 3.2 , are nontriv 



ially linked with £ since is a (jSA?,//*) -trapping box for Z in B"{0,2dN). Since L has been obtained 
by an analogous iteration process, the cylinders 

Kn := {w G B"{0,2dN) : dist(w,L) < ■ 2dN} 

should also provide (j8iv,L) -trapping boxes forLmB"{0,2dN)- However, taking A'^ so large that 6j5N < 
we obtain dist{dNW,L) = d^lw — 71l{w)\ > d^Td^ > 6pNdN. Thus, the sphere is contained in the 

interior of B"{x,2dN) \Kn and satisfies the assumptions of Lemma 3.4 with e = 2pNdN and therefore 

is not linked with Z, a contradiction which proves that H* has to be unique. 
Moreover, since Ajv is a (jS^v,//*) -trapping box for Z in B"{x,2dj^) and j3/v 

eludes that for j G £ we have 



d^) one easily con- 



dist(j,x + //*) = 0{\x-y 



as y — 7- X, 



which justifies the definition T^Y. := H*. 

Step 5. Injectivity of the projection. Again, we argue by contradiction. Suppose that there exist 
y & U = 'Lr\ intB"(x,/?2) such that 7r7;,x(y) = ^Tj:{y\)- Without loss of generality suppose that 

1-^ — Ji I < \x~y\ = d < Rj', 

and let dN,pN be defined by ( |5.16| ). Set v = yi —y and let Qt^z, Qt^i. denote the projections onto 

(r/)-L = (h;)^, (TyZ)^ = (H*)^, respectively. As v _L 7^1, we have QT,i,iv) = v and 



I27;x(v) 



> 



> 



v|(l-||er,z-G7;£||) 

v\{i-<){h:,h;)) 



v|(l-C6£^/(''+^'"'/?r 



by ([534t 



19 

v|(l -cga^) > — |v| 



by ( |5.31| ). However, fixing so that Ja?+i < |v| 
constructed along with H*, i.e. the cylinders 



Ij — yil < d^, we could use the trapping boxes 



{w G B" {y, 2dN) : dist(w,j + H;)<^n- 2Jw} 
which contain l.r\B"{y,2dN), to estimate by virtue of ( |5.32[ ) 



|Gr,x(v)| <2j8wJa 
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a contradiction. 

Since for each di < R2 the cylinder 



Ki = {w €B"{x,2di): dist{w,x + H;) < l^^di} 



(5.35) 



is a (j8i ,//*) -trapping box for £ in B"(x,2di), and j8i < 1 /20, we know by now - as di can be taken 
very close to R2 - that the image of Kt^z restricted to, say, Lr\B"{x, 3/?2/2), certainly contains the disk 
with center at 71t^z{x) and radius /?2- It follows that U = intB"(x,/?2) nZ is a topological disk, since 
TIt^z was also shown to be injective. □ 

As j8i = C6£'^/^'^+'*'"^^/f, it can be checked that Theorem 



Proof of Theorem 



1.3 



1.3 



stated in the 



introduction follows from ( |5.35[ ) and the definition of a trapping box. One can use the plane H* € 
G{n,m) to estimate the infimum in the definition ( |1.5| ) of jS-numbers. □ 

5.4 Local graph representations of E 



We shall now use Theorem 5.6 to construct the graph representations of an admissible surface £ with 
(S'q{L) < 00 for some q > 2m. In Section|6j this will be used to show that Z is in fact a manifold of class 
C^'^^ for /I = \-2m/q> K. 

Corollary 5.7. Suppose that Y.^ .s^ (5) for some 5 £ {0,5 (m)], S'ajT ,) < E, q > 2m. Let 02 > and 

Set /?3 = IR2. Then, for each 



5.6 



R2 = a2E^^ / ^'^^^"^^ denote the constants introduced in Theorem 
X E r, the following is true. 
There exists a function 

f: T,L=:P 

of class C^'^ K = lip^, such that f{0) = and V/(0) = 0, and 

I,nB"{x,R^) =x+ (^graph/nB"(0,/?3) 
where graph/ C P x P-^ = W denotes the graph off, and 

|V/(z)-V/(w)| <C7£'/(^+''")|^-w|'^<C7£'/(^+''")(2P3)^ z,w € PnB'\x,R^), (5.36) 
for some constant c-j depending only on n,m,q. 

Proof. Without loss of generality suppose that x = £W and T^L = P = span(ei, . . . ,e,„), where ej, 



j = form the standard orthonormal basis of M". By Theorem 5.6 we know that 

Kp\^: LnB"{x,R2) 7i{U) CP, U := In intB"(x,/?2) , 



is invertible. By ( |5.15[ ) and ( |5.16| ) for A/^ = 1 , the image of this map contains an m-dimensional disk of 



radius = P^ _ (/?2/10)2 > ^/?2- 
Step 1. We now let 



/ : =Qpo(np 





-1 


1.) 





D-fP^, D= intD'"(0,/?2) CP, 



so that 



D3z^ F{z) := (z,/(z)) G P X P^ 
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is a natural parametrization of Z. Note that F{D) contains rnB"(x,/?3) and that /(O) = 0. Both / and 
F are continuous. 



Step 2. To prove that V/(0) exists and equals 0, use now the definition of / to see that ( |5.13| ), ( |5.15| ) 
and ( |5.16 ) of Theorem |5 .61 yield 



|/(z)| ^ 2pNdN ^ C{n,m,q,E)d 



N 



for all NgN, 



whenever F{z) = {z,f{z)) G B'^{Q,2dN). (Recall that df^ = di -5^ ^; we are free to use any d\ < R2 
here.) Set := <iyv(l - j8^)'/^; by ( |5.16| ), ^dN < Pn < d^. Thus, we also have |/(z)| < const •p^+'^ 
whenever z G 0^(0, 2pAr) c P. As Pn ^ dN = di5^-^ for = 1,2, . . ., this gives |/(z)| = 
near and consequently V/(0) = 0. 

We shall now show that F (and hence /) is differentiable at each z^D. Fix z G D and /j G P with 
\h\ small. Set 

L := [Kp 



We have F{z + h)—F{z)= L{h)+e, where the error e = F {z + h) — F {z) —L{h) satisfies, by definition 
of L and F, np{e) = 0. Thus, e = Qp{e), so that 



\e\ < 



+ 



1 , , 

< — k + 
-20' ' 



by ( [5l4l ) and ( [5l6l ) for = 1. 



Absorbing the first term and using now Theorem 5.6 at x = F{z.), we obtain 



e < 



20 
19 



20 
19 



dist (f (z + /j),F(z) + r;.(,)r) = 0(|F(z + /j) -F{z] 



(5.37) 



To finish the estimates, note that 



therefore, < \h\ < ii|L(/i)|. Using this and ( 5.37 1, we now write 



20 



F{z + h)-F{z)\ < \L{h)\ + \e\ <j^(\h\+ QT,^,x{e) ) <- + const • |F(z + /i) -F(z)r+'^) . 



20 



19 



Now, for all \h\ sufficiently small we have j^const- \F{z + h) —F{z)\^^'^ < ^\F{z + h) —F{z)\, as F is 
continuous at z. Thus, the second term can be absorbed, yielding \F{z + h) —F{h)\ = 0{\h\) ash ^0. 
Plugging this into the right hand side of ( |5.37[ ), we obtain the desired error estimate \e\ =0{\h\ ^+'^) = 
o{\h\) as /j — )• 0. Therefore, F is differentiable at z with DF{z) = L. 

The uniform Holder bound for V/ results now from one more application of the oscillation esti- 
mate ( |5.14[ ) for tangent planes: 

Step 3. With 



\dif{w)-dif{z)\ 















ei 












L difiz) \ 








L d,f{w) \ 


) 


- difiz) . 


) 
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we can estimate 



W{w)-difiz)\ < 













( 






L dif{w) \ 


) 



+ 



















I dif iz) \ 


) 



<^(r^(,,)i,rf(,)i:)(i + |v/(w)| 



2n1/2 



+ 







\/{q+4m)i 



w-z\'' + <){Tp,,.L,m\dif{w)-dif{z)\. 



Since ^(7^(^)11, ToZ) < 1/2 by ( |5.14| ) and our choice of constants, we can absorb the right term on 
the left-hand side to conclude. 

Now, using a standard cutoff technique, we leave / unchanged on D'"(0,2/?2/3), and extend it to 
the whole plane P, so that the extension vanishes off Z)"'(0, 3/?2/4). The corollary follows. □ 



6 Slicing and bootstrap to optimal Holder exponent 



In this section we assume that £ is a flat m-dimensional graph of class C' "^ having finite tangent-point 
energy (§'q{T.). The goal is to show how to bootstrap the Holder exponent K" to = 1 — 2m /q. 



Relying on Corollary 5.7 without loss of generality we can assume that 

InB"(0,5/?) = Graph /nB" (0,5/?) 

for a fixed number R> 0, where 

is of class " and satisfies V/(0) = 0, /(O) = 0, 

^1 o-5in-3™-2 



|V/|<£o:= 



800m C2 



2-=10"'m-^(10'" + l 



,-2 



on P. 



(6.1) 



To achieve (6.1 1, we use (5.36) of Corollary 5.7 and shrink Rt, by a constant factor if necessary. The 



number Eq is chosen so that £o < £i / (400mc2) for the constants £i and C2 used in Lemma 2.3 and other 



auxiliary estimates in Section 2.2 We let F : P — M" be the natural parametrization of LnB{0,5R), 
given by F{x) = {x,f{x)) for x € P; outside B"(0,5R) the image of F does not have to coincide with 
E. The choice of £0 guarantees that, due to Lemma [23](ii), 



£1 

400m 



whenever X G B"(0,5/?) nP. Thus, 



^(rf(,,)I,r^(,,)r) < ^ < ^ for all;ci,;c2 GS"(0,5/?)nP. 



(6.2) 



(6.3) 



As in our paper ll34l Section 6] , we introduce the maximal functions controlling the oscillation of 
V/ at various places and scales. 



<t>*{p,A) = sup ( osc V/ 



BoCA 



(6.4) 
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where the supremum is taken over all possible closed wi-dimensional balls Bp of radius p that are 
contained in a subset A C 5"(0, 5R) (IP, with p < 5R. Since / G C' "^, we have a priori 

^*{p,A)<Cp'' (6.5) 

for some constant C which does not depend on p,A. 

To show that / G C^'^ for = 1 — 2m/ q, we check that locally, on each scale, the oscillation of 
V/ is controlled by a main term which involves the local energy and resembles the right hand side of 
(|1.6|), up to a small error, which itself is controlled by the oscillation of V/ on a much smaller scale. 



Lemma 6.1. Let f, F, £, R > and P be as above. Ifzi,Z2 G B"{0,2R)riP with \zi-Z2\=t>0, then 
for any N >2we have 

\Vf{zi)-Vf{z2)\<2^*{t/N,B)+C{N,m,q)E'J''t^ (6.6) 
where B := is an m-dimensional disc in P, jj. := I — 2m/ q, and 

EB=ff R;'' dJ^'^'^dM"" (6.7) 

J Jf(B)xF{B) ^ 

is the local energy ofL over B. 

Remark. Once this lemma is proved, one can fix an m-dimensional disk B'"{b,s) C B"{0,R) HP and 
use ( 6^ I to obtain for f < 

^*{t,B"'{b,s)) <2^*{2t/N,B"'{b,s + 2t)) +C{N,m,q)Mq{b,s + 2t)t^ (6.8) 

where 

1/9 



MJb, r):=( f f R;J' JJT'" dJ^'A 

\J JF(B{h.r))xF{B{b,r)) ^ J 



Fixing N > 2 such that 2*^ /N^ < | we obtain 2^ • {2/N)-'^ — )• as 7 — )• oo. Using this, one can iterate 
( |6.8| ) and show that 

osc Vf <C'(m,q)MJb,5s)s^ . 

B"'{h,s) 



Combining this estimate with Corollary |5.7[ we obtain Theorem |1.4| stated in the introduction. Note 
that in fact the result holds for all surfaces £ G jz/ (5) for 8 G (0, 5(m)], where 8{m) is the constant of 
Lemma 1431 

The remaining part of this section is devoted to the 



Proof of Lemma 6.1 Fix z\,Z2 and the disk B as in the statement of the lemma; we have J^'"{B) = 
co{m)t'". Pick N > 2 and let Eb be the local energy of £ over B, defined by ( |6.7| ). Assume that V/ ^ 
const on B, for otherwise there is nothing to prove. 

Step 1. Take 

Ko := (£b •A^^"'«(m)-2)i/^ ^ ^ ^^^^ 

and set 

7i := {xieB : J^\Y2{xi))>N-"'J^'"{B)}, (6.10) 
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We now estimate the local energy to obtain a bound for J^'^iji), shrinking the domain of inte- 
gration, as follows: 

F(B)xF{B) 



J^'^{Yi)N-'"J^'"{B)Ky^'" = EBjr"\Yi)N'"{j^'"{B)y^ 



> 

|6lol, Sen 



The last equality follows from ( |6.9[ ). Thus, we obtain 

Aim ^ ' ' 

and since the radius of B equals t, we obtain 

{autjN) \ Fi / for / = 1 , 2. (6.12) 

Now, select two points m, G B"^{ai,t /N) \ Y\ (i = 1,2). By the triangle inequality, 

|V/(zi) - V/(z2)| < |V/(zi) - V/(mi)| + |V/(m2) - V/(z2)| + |V/(mi) - V/(m2)| 
< 2<^*{t/N,B) + \Vf{ui)-Vf{u2)\. 

Thus, it remains to show that the last term, |V/(mi) — V/(m2)|, does not exceed a constant multiple 
of Eg'^t^. To achieve this goal, we assume that V/(mi) 7^ V/(m2) and work with the portion of the 
surface parametrized by the points in 

G:=B\{Y2{ui)UY2{u2)). (6.13) 



By ( I6J01 ), G satisfies 

jr'"(G) > (l-2A^-'")jr'"(B) =:Ci{q,m)r. (6.14) 
To conclude the whole proof, we shall derive an upper estimate for the measure of G, 

tm+ll 

J^"'{G)<C2{q,m)Ko—^, (6.15) 

where a := <){Hi,H2) 7^ and //, := Tfj,,.)!! denotes the tangent plane to £ at F(m;) G £ for / = 1,2. 
Combining ( |6.15| ) and ( |6.14| ), we will then obtain 

a<{Ci)-^C2Kot^' -CiEl^'^tr 

(By a reasoning analogous to the proof of Corollary |5.7[ this also yields an estimate for the oscillation 
ofV/.) 

Step 2. Proof of ( |6l3| ). By ([63]l, we have a = ^{Hi,H2) < m-H-"'-K By Lemma [zs] applied to 

£ = m^U"'""^ we obtain 

^""(G) < J^'"{F{G)) < 2Jif'"{KH,iF{G))), 
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so that (16. 1511 would follow from 



M""{nH,{F{G)))<C4Ko' 



a 



(6.16) 



Now, for ^ G G and / = 1 , 2 we have by ( |6.11| ) 



R,,{F{ui),F{Q) 



2\QH,{F{Q-F{ui))\ 
\F{Q-F{ui)\^ 



Let Pi = F{ui) +Hi be the affine tangent plane to £ at Since F is Lipschitz with constant (1 +£o) 

and \z — Uj\ < 2t, 



dist{F{Q,Pi) = dht{F{Q-F{ui),Hi) 

= \QH.{F{Q-F{ui))\ < Mot'^^=:ho 



(6.17) 



for € G, / = 1 , 2. Select the points pi G Pi, / = 1 , 2, so that | jci — P2 1 = dist(Pi ,P2). The vector p2—p\ 
is then orthogonal to H\ and to H2, and since G is nonempty by ( |6.14[ ), we have \p\ — P2\ < 2ho by 
( |6l7| ). 

Set p = {pi + P2) /2, pick a parameter £ G and consider y = F{Q — p. We have 

y={F{Q-F{m)) + {F{u,)-pi) + {pi-p), 

so that 7ri/i(j) = 71h,{F{Q - F{ui)) + {F{ui) - pi), and 

b-7r^,(j)| = |(;,i-;,)+F(C)-F(Mi)-7r«,(F(C)-F(«i))| 
= \ipi-p) + QH,{FiQ-Fiuy))\- 

Therefore, since \p — p\ \ <ho and by ( |6.17| ), \y — tie^ {j) \ ^ho + ho = 2hQ. In the same way, we obtain 
ly-TlH^iy)] < 2ho. Thus, 

y _ F{Q-p 

where S{Hy,H2) = {x e M" : dist(x,//,) < 1 for / = 1,2} is the intersection of two slabs considered 



in Section [2^ Applying Lemma [Z6] which is possible due to the estimate (63 1 for <^{Hi,H2), we 
conclude that there exists an (m — 1) -dimensional subspace W C Hi such that 



Kh,{F{G)-p) c{x£Hi: dist(x,W) < 2/jo • 5c2/a} . 



(6.18) 



On the other hand, since F is Lipschitz, we certainly have F{G) C B'\F{ "^1^"- ),2t) and therefore 



Kh,{F{G)-p) C B%a,2t), a := nH,{F C-^^) - p) 



(6.19) 



Combining ( 6.18 1 and ( 6.19 1, we invoke Lemma 2.7 to H := H\, S' := Kh\{F{G) — p), and := 
2ho5c2/(X, to obtain 



jr'"(7r«, {F{G))) < 4"'-^'"-^ ■ 20hoC2/a =: C2(m)^( 



0" 



which is ( 6.16| ), implying ( |6.15 1 and thus completing the proof. 
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